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Abstract. We prove vanishing of the higher direct images of the structure 
(and the canonical) sheaf for a proper birational morphism with source a 
smooth variety and target the quotient of a smooth variety by a finite group 
of order prime to the characteristic of the ground field. We also show that 
for smooth projective varieties the cohomology of the structure sheaf is a bi- 
rational invariant. These results are well-known in characteristic zero. 
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Introduction 

In characteristic zero it is a well-known and frequently used fact that the higher 
direct images oi a projective birational morphism f : X ^ Y between 

smooth schemes vanish for i > 0. This statement was proved as a corollary of 
Hironaka's resolution of singularities by resolving the indeterminacies of by 
successively blowing-up smooth subvarieties of Y. In this article we consider the 
situation over an arbitrary field k and prove this and related results. 

In the following all schemes are assumed to be separated and of finite type over 
fc, all morphisms are assumed to be fc-morphisms. The two main results of this 
paper are: 

Theorem 1. Assume k is perfect. Let S he an arbitrary scheme and let X,Y he 
integral S -schemes. Assume that X,Y are smooth over k and properly birational 
over S, i.e. there exists an integral scheme Z and a commutative diagram 



Z 




such that txjTy are proper and birational (f and g being the fixed morphisms to 
S). Then for all i, there are isomorphisms of Os -modules 

R'f.Ox ^ R'g^Oy, R'f*tox = R'g.ujY- 

Theorem 2. Consider a diagram 

Y 

f 



where Y and X are connected smooth schemes, X is integral and normal, f is 
surjective and finite such that deg(/) € k* , and tt is birational and proper. Then X 
is Cohen- Macaulay and 

Rtt^Ox = Ox, Rtt^uJx = ^x, 
where lox is the dualizing sheaf of X . 

By duality, the two identities in Theorem [5] imply each other. 

Both theorems are known in characteristic zero: Theorem [T] follows from Hi- 
ronaka's resolution of singularities, for Theorem [2] see |Vie77j (which also uses 
resolution of singularities). If resolution of singularities is available in positive 
characteristic then it easily yields Theorem [T] 

Recall from |KKMS73l I, §3, p. 50], that a rational resolution of an integral 
normal scheme X is a resolution (i.e. a proper birational morphism g : X ^ X 
with X smooth) which satisfies R^g^,{Oj^) = = R^g^,{ujj^) for all z > 0. Thus 
Theorem [T] implies that if an integral normal scheme over a perfect field has a 
rational resolution, then any resolution of X is a rational resolution. For a smooth 
scheme X we obtain R^g^,{Oj^) = = R'^g^:{ujj^) for i > and any resolution g 
(Corollary 13. 2. 7p . Theorem [5] asserts that n : X —i' X is a rational resolution; this 
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includes the important special case where X is the quotient of y by a finite group 
of order prime to the characteristic of k. 

Since resolution of singularities is not yet available in positive characteristic, we 
develop a different approach based on algebraic correspondences. To get an idea of 
the methods involved let us sketch the proof of Theorem [I] for S = Spec k and X, Y 
projective (see §3 for the details and a rigorous proof). 

For a scheme X we write H{X) = ^^ ,^H'{X,n^) and CH(X) = ®,CH'(X), 
with ClV{X) the Chow group of codimension i cycles on X. Given smooth projec- 
tive schemes X, Y, Z, there is a composition of correspondences: 

CH(X X Y) ®z CH(y X Z) — > CH(X x Z), 
H{X X Y) H{Y X Z)^ H{X x Z). 

Moreover a E CH(X x Y) (resp. S H{X x Y)) defines a map on the cohomology 
CH(X) ^ CH(F) (resp. H{X) H{Y)) hy pr2^(prt(c) Ua), and composition 
of correspondences corresponds to the composition of maps. Furthermore, there is 
a cycle map cl : CH — > H, which is compatible with composition. 

Now, the proof proceeds as follows. By assumption there exists a closed integral 
subscheme Z C X x Y projecting birational to X and Y. Let Z' C Y x X he its 
transpose. By using the refined intersection product of Fulton we will see that 

[Z'] o [Z] ^idx+E in CH (pri3((Z x X) n {X x Z'))) , 

with E a cycle on X x X which projects on both sides to subsets of codimension at 
least one in X. We will show that the map defined by cl{E) G H{X x X) acts as 
zero on H*{X,Ox) ffi H*{X,ux)- A similar argument applies for [Z] o [Z']. Thus 
the maps defined by cZ([Z]) and cZ([Z']) are inverse to each other (when restricted 
to H*{X,Ox) ® H*{X,ujx))- This proves Theorem [T] in the case S = Specfc and 
X, Y projective. 

It is not hard to deduce the general statement of Theorem [T] once we know it in 
the case S = Spec/c. Therefore we have to generalize the above argument to the 
case of smooth but not necessarily proper /c-schemes. The problem is that in general 
a push-forward on CH or H does not exist. However, the variety Z G X xY \s 
proper over X, Y, and by working with cohomology (or Chow groups) with support 
we can conclude as outlined above. 

One of the main points in this paper is the construction of a cycle map, or natural 
transformation between cohomology theories with support, CH — )• H. For this, we 
first give a definition for (weak) cohomology theories with support. We introduce 
two categories V* and V^,. The objects in both categories are (X, $), where X is 
smooth and <i> is a family of supports on X (see II. 1.11 for the definition of a family 
with supports). A morphism f : X ^ Y induces a morphism {X, $) — ^ (F, 5*) in 

if and only if / | $ is proper and /($) C 5"; / induces a morphism in V* if and 
only if /"^(*) C <&. 

Then we consider the data (i^*, F*, T, e), where 

: K — > GrAb, F* : (y*)°P — > GrAb, 

are functors to graded abelian groups with F^{X,<^) = F*(X, $) =: F(X, $) as 
abelian groups, T gives for all (X, $), {Y, 5*) a morphism of abelian groups 

r(x,$),(y,*) : F{X, $) ®z F{Y, -^F{XxY,^x vf), 

and e : Z — > F(Spec k) is a morphism of abelian groups. 
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These data define a weak cohomology theory with support if the following con- 
ditions are satisfied. 

(1) The map T is functorial for F^,F*. 

(2) For all diagrams 



ax 



(x,$)^^(r,vi/), 

in which the underlying diagram of schemes is cartesian and transversal^ 
with gx,gY S V* , f,f' S the following equality holds: 

F*{gY)oF4f)^F4f')oF*{gx). 
(3) Some more (very natural) conditions. 
The conditions allow us to obtain a calculus with correspondences. One key example 
of a weak cohomology theory with supports is the Chow group 

CH(X,$) := lii^ CH(W^), 

W<£<S> 

with CH* the (proper) push forward for cycles and CH* the refined Gysin homomor- 
phism. Another example is the Hodge cohomology iJ(X, $) :— 0- ^- iJ|,(X, fi^). 
Here, the definition of H* is straightforward, but for iJ, we use Grothendieck 
duality for singular schemes since smooth compactifications are not available in 
characteristic p. That the Hodge cohomology defines a (weak) cohomology theory 
with supports is a non-trivial fact, of which the proof occupies §2. 

In Theorem 11.2.31 we give necessary and sufficient conditions for a (weak) coho- 
mology theory with supports F to be target of a morphism from CH. Unfortunately, 
we can do this only with an additional semi-purity assumption on F (see ll.2.ip . 
As an application we prove the existence of a cycle map CH H. We hope that 
Theorem 11.2.31 will turn out to be useful for proving similar results for the Witt 
vector cohomology. 

Let us give a short overview of the content of each section. 

In §1 we define weak cohomology theories with supports and prove basic prop- 
erties. We show that CH is an example and prove Theorem 11.2.31 Moreover, we 
explain the calculus of correspondences attached to a cohomology theory. 

In §2 we show that the Hodge cohomology is another example for a cohomology 
theory with supports. The hard part is the definition of push-forward maps. We use 
Grothendieck's duality theory for singular schemes as developed in |Har66] . |ConOO) . 
and make extensive use of the results given in these references. There are also other 
approaches to duality theory, which are more elegant (see e.g. |LH09] V But since 
we use at several places the explicit description of duality theory as developed by 
Grothendieck and since it is not clear to the authors, how this classical approach 
compares to the one e.g. in jLHOQj . we will solely stick to the references |Har66| 
and IConOOj . 

In §3 we show the existence of a cycle map CH — )• H. Moreover, a vanishing 
statement Proposition 13.2.21 is proved which enables us to prove Theorem [T] and [2] 

In §4 we generalize Theorem [1] to the case where X and Y are tame quotients 
(see Theorem 14.3. 1|) . This theorem also implies Theorem [2] 

We finish with some open questions. 
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In the appendix finally we give a well-known description of the trace rnorphism 
for closed embeddings between smooth schemes and for finite and surjective mor- 
phisms between smooth schemes, which we need in §2. 

Acknowledgments. We are deeply grateful to Helene Esnault for her encouragement 
and patience. We thank Manuel Blickle, Georg Hein and Eckart Viehweg for useful 
discussions. Finally, wc thank the referee for a careful reading and for suggesting 
many improvements in the exposition. 

1. Chow groups with support 

1.1. Cohomology theories with support. Let fc be a field. All schemes are 
assumed to be of finite type and separated over k. We begin by recalling basic 
definitions and notations concerning families of supports. 

Definition 1.1.1. A family of supports $ on X is a non-empty set of closed subsets 
of X such that the following holds: 

(i) The union of two elements in $ is contained in 

(ii) Every closed subset of an element in $ is contained in 

Let A be any set of closed subsets of X. The smallest family of supports $a 
which contains A is given by 

n 

(1.1.1.1) ^A:={y]Z[-Z[ Zi&A}. 

closed 

i=l 

For a closed subset Z C X we write for ^{z]- 

Notation 1.1.2. Let / : X — )■ y be a rnorphism of schemes and <& resp. \1/ a family 
of supports of X resp. Y. 

(1) Wc denote by /^^(vt) the smallest family of supports on X which contains 
{f-\Z)-Z(^'^}. 

(2) We say that / | $ is proper if / | Z is proper for every Z G ^. If / | $ is 
proper then /($) is a family of supports on Y. 

(3) If $1, $2 are two families of supports then $i fl $2 is a family of supports. 

(4) If $ resp. ^ is a family of supports of X resp. Y then we denote hy ^ 
the smallest family of supports on X XkY which contains {Zi x Z2; Zi S 

<i>,Z2 e *}. 

When working with cohomology theories with support it is convenient to define 
the following two categories 14 and V*, where for the morphisms in V* a "push- 
forward" map can be expected and for the morphisms in V* a "pull-back" map can 

be expected. 

Definition 1.1.3. We denote by K the category with objects {X, $) where X is 
a smooth scheme and $ is a family of supports of X, and morphisms 

Homy. {{X, $), (F, *)) = {/ e Homfe(X, F); / | $ is proper and /($) C 

Wc denote by V* the category with objects {X, $) where X is a smooth scheme 
and $ is a family of supports of X (ob(T4) = ob(V^*)), and morphisms 

Homy.((X,$),(y,*)) = {/ e Homfe(X,y);ri(*) C 

The composition and the identity comes in both cases from the category of 
schemes (over k). 
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1.1.4. Let X be a smooth scheme. For a closed subscheme W C X we write 
{X,W) := {X,<^w) in V* and K, respectively. We simply write X for {X,X). 

We have forgetful functors V^, — >■ Schfe resp. V* — ?► Schfe to the category of 
schemes, and we often denote the morphism of schemes induced by a morphism in 

and V* respectively by the same letter. 

For a morphism / in V<, we will say that / is an immersion, flat, . . . , if the 
corresponding morphism of schemes has this property, and similarly for morphisms 
in V* . We say that a diagram 



(1.1.4.1) 



(x',a>') 

gx 



/' 



gv 



is cartesian if the diagram of the corresponding schemes is cartesian. 

1.1.5. Coproducts and "products". For both categories V* and 14 finite coproducts 
exist: 

{X, $) ]l(Y, - (X [] r, $ u 

For {X, $) let X — Xi be the decomposition into connected components, then 



In general products don't exist, and we define 

{X, $) ® (Y, := (X X y, $ X *) 

which together with the unit object 1 = Spec(fc) and the obvious isomorphism 
{X, $) (g) {Y, *) (Y, vl/) (X, $) makes K and V* into a symmetric monoidal 
category (see [Lan98[ VII. 1]). 



1.1.6. Consider the following data (F*, F*, T, e): 

(1) Two functors : K ^- GrAb and F* : {V*)°p GrAb to the symmetric 
monoidal category of graded abelian groups, such that F,(X) = F*{X) as 
ungraded groups for every object X e ob(T4) — ob(V'*). We will simply 
write F{X) := F,(X) = F*{X). We use lower indexes for the grading on 
F4X), i.e. F^{X) = ®^F,{X), and upper indexes for F*{X). 

(2) For every two objects X,Y £ ob(K) ~ oh{V*) a morphism of graded 
abelian groups (for both gradings): 

Tx^Y : F{X) ®z F{Y) F{X (g) Y). 

(3) A morphism of abelian groups e : Z — )• F(Spec(fc)). For all smooth schemes 
TT : X ^ Spec(fc) we denote by Ix the image of 1 £ Z via the map Z A 

F*(Spec(fc)) F*{X). 
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1.1.7. The data {Ft., F* ,T, e) is called a weak cohomology theory with supports if 
the following conditions are satisfied: 

(1) The functor F^, preserves coproducts and F* maps coproducts to products. 
Moreover, for {X, $i), {X, $2) & ob(14) with $1 n<f>2 {0} we require that 
the map 

F*iji) + F*{j2) : F*iX, $1) ® F*iX, $2) ^ F*{X, $1 U $2), 

with ji : (X, $1 U $2) (X, $1) and j2 : (X, $1 U $2) ^ (-'^j ^"2) in V* , is 
an isomorphism. 

(2) The data (J^* , T, e) and (i^* , T, e) respectively define a (right-lax) symmetric 
monoidal functor (see below). 

(3) (Grading) For {X, $) such that X is connected the equality 

i^.(X,$) =F2d™-^-*(X,$) 

holds for all i. 

(4) For all cartesian diagrams 11.1.4.11 with gx,gY & V* and /, /' G K such 
that either gy is smooth or gy is a closed immersion and / is transversal 
to gy the equality 

F*igy)oFM) = FM')oF*{gx) 

holds. 

Recall that / is transversal to gy if {f')*Nyi/y = Nx'/x where N denotes the 
normal bundle. The case X' = is also admissible; in this case the equalitv ll.l.7t| 4|) 
reads: 

F*{gy)oF,{f)^Q. 

The condition 11.1. 7tj 4|) implies the projection formula (see Proposition 11.1. lT|) and 
will be needed for a calculus with correspondences. 

Recall that {F^,,T,e) is called a right-lax symmetric monoidal functor if 

• T is associative, i.e. for X,Y,Z£ ob(14) the following diagram is commu- 
tative: 

F{X) F{Y) (E) F{Z) F{X) F{Y Z) 

F{X ®Y)® F{Z) — ^ F{X ®Y ®Z). 

• T is commutative, i.e. for X, F e ob(K) the diagram 

F{X) ® F{Y) F{X ® Y) 



F{Y) ® F{X) -^-^ F{Y (g) X) 

is commutative. Here, for two graded abelian groups A, B the morphism 
A^B ^ B(g) A maps a(g)b^ (_i)dcg(a)deg(&)^ ^ ^_ 
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• The map e : Z ^ _F(Spec(fc)) renders commutative the diagrams 
F{X) (E)z Z F{X) (g) i^(Spec(fc)) F(X (g) Spec(A:)) 




Z (gz F{X) F(Spec(fc)) (g) F{X) F(Spec(fc) X) 




• T is a natural transformation 

T : (V; X K GrAb x GrAb ^ GrAb) ^ (t4 x V; A K ^ GrAb). 

Example 1.1.8. A first example which satisfies these conditions (see Proposition 
11.1. 24p is the Chow group 

iX,^)^\u^^^^CE4W). 

The push-forward K GrAb is defined in the usual way. To define the pull-back 
(V*)°P — > GrAb we use Fulton's refined Gysin homomorphism. However, in order 
to get a symmetric functor we have to put the Chow group CHd(W^) in degree = 2d. 
It will be shown in §2 that the Hodge cohomology with support 

ix,'f)^^HUx,n^) 

hi 

is another example. The push-forward is an application of Grothendieck's duality 
theory. 

An example which isn't further considered in this paper is the etale cohomology 
with support 

^Hl{X X k,Qi). 

Definition 1.1.9. Let {F^,F*,T,e),{G^,G*,U,e) be as in HHl] and satisfying the 
conditions 11.1.71 By a morphism 

(1.1.9.1) {F,,F*,T,e)^ iG,,G*,U,e) 

we understand a morphism of graded abelian groups (for both gradings) 

: F{X) G{X) for every X € oh{V*) = ob(F*), 

such that (j) induces a natural transformation of (right-lax) symmetric monoidal 
functors 

<j) : {F,,T,e) {G,,U,€) and : {F*,T,e) (G*,C/,e), 
i.e. (j) induces natural transformations i^, — )■ G* , F* H> G* , and 

(1.1.9.2) 0oT = [/o (00 0), (j)oe = e. 

We denote by T the category of weak cohomology theories with supports, i.e. it 
is the category consisting of objects (i^, , F* , T, e) as in ll.l.6[ and satisfying the 
properties 11.1.71 together with morphisms 11.1.9.11 



HIGHER DIRECT IMAGES OF THE STRUCTURE SHEAF 



9 



1.1.10. Cup product. Let {F^,F*,T,e) G T. For all (X, $) e oh{V*) we obtain a 
cup product: 

U : F{X, $i) (g) F{X, $2) ^ F{X x X, $1 x $2) ^'^^""^ $1 n $2), 

where Ax : $1 n<i>2) ^ (X x X, $1 x $2) is induced by the diagonal immersion. 
The cup product is associative and graded commutative. 
By functoriality we obtain 

(1.1.10.1) F*{h){a)UF*{h){b)^F*{h){aUb) 

for all morphisms /i : {X',<i>[) (X,$i),/2 : (^',$2) ^ (^,^"2) in V* with 
/i = /2 := / as morphisms of schemes; /a : {X', ^[ n $2) ^ (-'^^ "^i ^1 $2) in V* is 
induced by /. 

Proposition 1.1.11 (Projection formula). Let {F^,, F* ,T,e) g T and let f : X 

Y be a morphism between smooth schemes, inducing morphisms 

/i :(X$i) ^ (r,$2) mV,, 

/2 :(X, /-!(*)) ^(y, VI/) inV*. 

Then f also induces a morphism 

h : (X, $in /-!(*)) ^(y, $2 nvE-) k 

and for all a £ F{X, $1), 6 G F{Y, vj/) the following formulas hold in F{Y, $2 H v]/); 

F^fsKa U F*(/2)(5)) = F,(/i)(a) U b, 

F4f3){F*{f2Kb) U a) = 6U F,(/i)(a). 

Proof. We prove the first equality of the statement, the second is proved in the 
same way. The diagram 



(X, $10 /-!(*)) 

Ax 

(XxX,$iX /-!(*)) 
idx/2 



/3 



(y, $2 n «-) 



(X X y, $1 X *) 



(y X y, $2 X *) 



is cartesian and / x id is transversal to Ay . Thus by I1.1.7lj 4l) we get 

F.{f3){a U F*{f2){b)) = F4f3)F*{Ax)F*{id x /2)(T(a ® 6)) = 

F*(Ay)F,(/i X zd)(r(a® 6)) - F4/i)(a) U b. 

The proof of the following Lemma is straightforward. 
Lemma 1.1.12. (1) For all {X, $) and a e F{X, $) the equality 

lx^a, = a = aUlx 

holds. In particular F* (X) is a (graded) ring. 
(2) For smooth schemes X, Y we have 

T{1x(S)Iy)^1xxY. 



□ 



10 



ANDRE CHATZISTAMATIOU AND KAY RULLING 



1.1.13. Definition of Chow groups with support. In the following we define a first 
example of an object (CH*, CH*, x, e) e T. 

Definition 1.1.14 (Chow groups with support). Let <I> be a family of supports on 
X. We define: 

Zg,{X) : = abelian group freely generated by irreducible closed subsets Z e $. 
Rat$(X) : — subgroup of Z^{X^ generated by div{f), where / G k{W)* 

is a non-zero rational function and G $ is irreducible. 
CH(X,$) : = Z^{X)/R&tg.{X). 

For {X, $), (r, 5') we obtain 

(1.1.14.1) CH((X ]J y, $ U *)) = CH(X, $) ® CH(r, *). 

1.1.15. Grading. The groups Z^{X) and Rat$(X) can be graded by dimension: 

CH,(X,$) =0CHd(X,$)[2d], 

(i>0 

where the bracket [2(i] means that CH(i(X, $) is considered to be in degree 2d. 

There is also a grading by codimension. Let X — W^^Xi be the decomposition 
into connected components then CH*(X, $) = 0- CII*(Xi, $ n $xj and 

CH* (X„ $ n $x, ) - CH'^ (X„ $ n $x J [2d] 

where CII''(Xi, $) is generated by cycles [Z\ with Z e $ D <^x, Z irreducible, and 
codimxi {Z) = d. 

1.1.16. Examples. If C X is a closed subset then we get 

CH(X, $vf) CH(X, W) = CH(T^), 

the usual Chow group of W . 

If X is proper, U is affine, and $ := {Z' ; Z' dU} then 

CII(X, $) = Z$(X) = freely generated by closed points of U . 

1.1.17. Push forward for Chow groups. Let $ be a family of supports on X (II. 1.11) . 
If C X is a closed subscheme with e $ then Z{W) = Z$„,(X) c Z^{X), 
Rat(W^) = Rai^^{X) c Rat<i,(X) ($iv as defined in ll.l.l.ip . and we obtain a map 

(1.1.17.1) CH(H/) = CH(X, VK) ^ CH(X, $). 

Obviously, CII(X, $) is the largest quotient of Z$(X) such that there are push- 
forward maps [0.17.1l for every e 

1.1.18. In general let / : {X, $) — )• (F, 5*) be a morphism in T4- There is a push- 
forward of cycles 

/, : Z^{X) ^ Z*(r), /4[Z]) - deg(Z//(Z)) • [f{Z)], 

for Z e $ irreducible (deg(Z//(Z)) = if dim(/(Z)) < dini(Z)). Push-forward is 
functorial iFuIOSl §1.4]. 

Lemma 1.1.19. With the assumption of \1.1.18] we get /*(Rat$(X)) C Rat$(y). 
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Proof. Indeed, Rat<i.(X) is generated by the images of Rat(W^) where G The 
restriction / | is proper and [Ful98| Proposition 1.4] yields 

/.(Rat(W)) cRat(/(l^)), 

which proves the claim. □ 

Thus we get an induced map 

(1.1.19.1) : CH(X, $) ^ CH(y, 
and a functor 

(1.1.19.2) CH, : K ^ GrAb, CH,(X, $) := CR{X, CH,(/) := 

Proposition 1.1.20. Let ^ be a family of supports of X . The following map is an 
isomorphism 

lH$VF6*CH(X,M^)^CH(X,$). 

Proof. This is straightforward. □ 

1.1.21. Pull-back for Chow groups. In order to define a functor 

CH* : (F*)°P ^ GrAb 

we have to recall Fulton's work on refined Gysin morphisms |Ful98[ §6.6]. 

Let f : X ^ Y he a morphism between smooth schemes and let F C F be a 
closed subscheme. There is a morphism of abelian groups 

/' : CR{V) ^ Cll{f-\V)) 

{f^^{V) ~ X Xy V) with the following properties: 

(1) For a closed subscheme V' C Y with V C V (denote the immersion by i, 
and the immersion f~'^{V) C f^^{V') by j), the equality 

/ ** — .]*f 

(as maps CR{V) CH(/-i(F'))) holds. 

(2) If g : y — > Z is another morphism between smooth schemes and S C Z a 
closed subscheme then 

fog- = (go /)■ 

as maps CH(S') ^ CH((.g o f)-\S)). 

(3) If / : X — >■ F is flat then /' = /* where /* is the usual pull-back map for 
flat morphisms. 

(4) Let 




be a cartesian diagram of smooth schemes and W C X a closed subscheme 
such that / I is proper. Assume that either gy is flat or gy is a closed 
immersion and / is transversal to gy. Then 

g'yf* = f'*9'x 
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as maps GR(W) C}i{f' (g^^^W)) = CRigy^ f (W)) . This statem ent is 
proved in [Ful98| Proposition 1.7] for flat morphisms and in |Ful98[ Theo- 
rem 6. 2(a), (c)] for the case of a closed immersion. 

Remark 1.1.22. Note that CH(M^) = Cll{Wred) for every scheme W. 

1.1.23. Definition of the pull-back map. Let f : X Y he a, morphism between 
smooth schemes and let C F be a closed subscheme, thus / : {X, f~^{V)) — >■ 
(y, V) is a morphism in V* . We define 

CH*(/) := /• : CH(r, V) = Cll(V) CIl{f-^{V)) = CH(X, r'^{V)). 

For the general case let / : (X,^) — > (1^,^) be any morphism in V*. For every 
V" e * the map / induces {XJ-^{V)) {Y,V) in V*. Because of ll.l.Sir i) and 
Proposition 1 1 . 1 .2TI1 we obtain 

CH*(/) : CH(y, VI/) = lim^^^CH(y, V) ^ lim^^^CH(X, W) = GR{X, $). 
The assignment 

(1.1.23.1) CH* : (V^*)°f ^ GrAb, CH*(X, $) = CH(X, $), /h^CH*(/), 
defines a functor bv ll.l.2ir i).(2). 

Proposition 1.1.24. Together with the exterior product x (see jFul981 §1.10]j and 
the obvious unit 1 : Z CH(Spec(fc)), we obtain an object (CH»,CH*, x,e) € T. 

Proof. The formula [TTJlIll) follows from|LF21j;i),(4). □ 

1.2. Chow groups with support as initial object. Given (CH,, CH*, x, 1) we 
are interested in objects {F^,, F* ,T,e) e T which admit a morphism (CH,, CH*, x,l) — > 
{Ff,F*,T^e). Such morphisms should be viewed as a kind of cycle map, which is 
compatible with push-forward and pull-back. Unfortunately, we can only give a 
satisfactory answer under an additional hypotheses on {F^, F* , T, e), which we call 
semi-purity. 

Definition 1.2.1 (Semi-purity). We say that (F*, F* ,T, e) satisfies the semi-purity 
condition if the following holds: 

• For all smooth schemes X and irreducible closed subsets W C X the groups 
F,{X, W) vanish if i > 2dimM/. 

• For all smooth schemes X, closed subsets W C X, and open sets U C X 
such that U contains the generic point of every irreducible component of 
W, we require the map 

F* (j) : F2 dim w {X, W) ^ F2diraw{U,WnU), 

induced hy j : {U,W Ci U) ^ {X, W) in V*, to be injective. 

Remark 1.2.2. For (CH*, CH*, x , 1) the condition is satisfied since CH2 dim w (-'^j W) = 
Z ■ [W] and CHi(X, W) = for i > 2 dim W. 

Let c be the codimension of in X, so that i^2dimH' = F^'^. Whenever there 
are exact sequences 

F^^iX, W\U) F^^iX, W) F^^iU, u n W), 

the conditions in ll.2.1l follow from F^{X, W) = for i < 2c (and all pairs {X, W)), 
which is known as semi-purity in the literature. 
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Theorem 1.2.3. Let k be a perfect field and assume {F^, F* , T, e) G T satisfies the 
semi-purity condition \1. 2. li Then HomT((CH», CH*, x , 1), (f*, i^*, T, e)) is either 
empty or contains only one element. The set HomT((CH,, CH*, x , 1), F* ^ T, e)) 
is non-empty if and only if the following conditions hold: 

(1) If f : X ^ Y is a finite morphism between smooth connected schemes of 
equal dimension then 

F,(/)(lx)=deg(/).ly. 

(2) For the 0-point iq : Spec(fc) — >■ P"'^ and the oo-point too '■ Spec(fc) ¥^ the 
following equality holds: 

Ft,{io) o e = i^*(ioo) o e. 

(3) For a closed immersion i : X ^ Y between smooth schemes and an effective 
smooth divisor D <zY such that 

• D meets X properly, thus D H X :~ D Xy X is a divisor on X, 

• D' := (D n X)red is smooth and connected, and thus D C] X = n ■ D' 
as divisors (for some n S Z, ri > 1), 

we denote by ix '■ X ^ {Y,X),i£ii : D' {D,D') the morphisms in 
induced by i, and we define g : {D,D') (Y, X) in V* by the inclusion 
D d Y . Then the following equality is required to hold: 

F*{g)iF4ix)ilx)) - n ■ F^id'^Id')- 

(4) If W G X is an irreducible closed subset then there is an element c/(x,w) G 
F2 dim w{X,W) with 

F*ij)id^x,w))^F,{i)ilunw) 
for all open sets U G X such that U H W ^ $ is smooth, and ivhere j : 
([/, WnU) ^ {X,W) mV*, i-.WnU {U, WnU) inV^. 

We will give the proof after the proof of the fohowing Proposition. 

Proposition 1.2.4. Let k be a perfect field and let F := (F,, F*, T, e) € T satisfy 
the semi-purity condition \1.2.1\ Furthermore, we assume that the conditions of 
Theorem \1.2.3]) .n\)-^ hold for F. Then there is a unique natural transformation 
of (right-lax) symmetric monoidal functors 

(/): (CH*,x,l)^ (F*,T,e) 

such that (t){lx) — Ix for every smooth scheme X. 

Proof. Uniqueness: In view of the semi-purity condition 11.2.11 

(1.2.4.1) cp{[W]) = cl(x,w) 

is the only choice for an irreducible closed subset W oi X, \W] G CH,(X, W). For a 
general family of supports $ of X the group CH*(X, $) is generated by the images 
of [W] via CH*(X, W) CH*(X, $) where W runs through all irreducible closed 
subsets W 

Existence: For every smooth scheme X and a family of supports $ of X we 
define a homomorphism of abelian groups 

(1.2.4.2) c^[^^^y. Z^(X) ^ F{X,^) 

by '/'(X ■i.)([^]) — F^{iw){cl(x,w)) for every irreducible closed subset € $ and 
iw ■ {X, W) {X, $) in K induced by idx. 
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1st Step: For every morphism / : {X, $) {Y, 'i') in 14 the push-forward /* : 
Z^{X) Z^{Y) is well-defined[LL18| We claim that for every / : (X, $) (F, ^) 
in 14 the foUowing equahty holds: 



(1.2.4.3) 



Let e $ be irreducible. If dim(/(W^)) < dim(Vt^) then F2dimw{YJiW)) = 
by semi-puritv 11.2.11 thus ll.2.4.3l holds in this case. 

In the case dim/(W^) = dimVK =: d the map W — ?> f{W) is generically finite, 
so that we may find an open U C Y with U n f{W) ^ 0, J7 n f(W) is smooth, 
f'\U) nW is smooth, and /' : f-^{U) nW ^ U n /{W) induced by / is finite. 
Consider the commutative diagram 



F2diX, W) 



F,{f) 



F2dif-Hu),wnf-\u)) 



F,U) 



F,U') 



F2d{u,f{w)nu) 



■F2d{f{w)nu), 



F2d{YJ-{W)) 

where J : {UJ{W)r)U) (YJiW)) resp. / : {f-\U),W n f-\U)) ^ {X,W) in 
V* are induced by the obvious open immersions, and « : f{W) HU — > (t/, f{W) n U) 
resp. i' -.Wn f-^{U) {f^HU), W n f-\U)) in T4 are induced by the obvious 
closed immersions. From the diagram and condition (|1.2.3p .([T|) we obtain 

F*{j)F,{f){d(x^w)) = deg{W/f{W)) ■ F,{^){lf^w)nu)■ 
Now, semi-purity 11.2.11 implies 

F*{f){dix,w)) = deg(I^//(I^)) • cl^yjiw)), 



which proves the claim lO. 4. 31 

2nd Step: Let X be a smooth scheme, W C X a.n irreducible closed subset, and 
D C X a. smooth divisor intersecting W properly, so that W O D := W x x D is an 
effective Cartier divisor on W. We denote by [W H D] the associated Weil divisor 
and claim that 



(1.2.4.4) 



F*{^DM[x,w)i[W])) ^ 'l^'iD,wnD)m n D]l 



where : {D,W n D) ^ {X, W) is induced hy D C X. 

Note that by semi-purity we may replace X by an open subset which contains 
the generic points of {WD D)red- In particular we may assume that the irreducible 
components of {W n D)red are disjoint. Letting Vi, . . . ,Vr be the irreducible com- 
ponents of {W n D)red we obtain 



^FiD,V,)^ FiD,WnD) 



from (|1.1.7p (IT|): thus we may assume that r — 1. If is regular (^smooth) in 
codimension one (e.g. W is normal) then we can find an open U d X such that 

n J7 and Vi n t7 7^ is smooth; thus 11.2.4.41 follows from ([L231) (|3|) . 

Now, let W be not necessarily normal. Since we may assume that X is affine we 
can find a closed immersion — )• x P" (over W) of the normalisation W of W. 
Setting 

X X xF", D D X P", I: {D,VnD) ^ {X, F), 
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we obtain 

^F,{v^^^f,)F*{l){<l,[^^^^{[W])) (imi)© 
= F^{j>H\n){<l>[o^^^^^{[WnD])) 

— V(D,Wr\D) 

= ^'iD,wnD)mr,D]). 
3rd Step: For all {X, $) we claim that the map (f)'^-^ satisfies 

(1.2.4.5) 0'(^^^)(Rat$(X)) = 0; 
and thus induces a natural transformation 

: CH, ^ F^. 

Let W d X he irreducible such that pri(VK) £ $ and ^ PMs dominant. 
By using the 2nd Step (|1.2.4.4p we obtain 

F*{i.){4>[x.r^,w){[W])) = 0(x,pr,W)([W'n (X X {e})]) 

for ee {0,oo}, i, : {X x {e},pri(W^)) ^ {X x ¥^,W). 

Thus F*{iq) = F*{ioo) will prove the claim p.2.4.5|) . It is not difficult to see 
that this follows from the projection formula and 

(1.2.4.6) F,{^){lx) = F,{z'^){lx) 

in F{X X Pi), where i'^ : X x {e} ^ X x P^. 

In view of prTj)) (|4)) the equality [TMH is implied by ([L23| ((2|). 
4-th Step: The only assertion left to prove is 

o X = T o (0 (g) 0), 4>o \ = e. 

The second equality holds by definition. For the first equality it is sufficient to show 

m)) 

for smooth schemes X, Y and irreducible closed subsets W C X,V C Y . Again by 
semi-purity we may assume that W and V are smooth in which case the statement 
follows from Lemma [1.1. 121 □ 

Proof of Theorem{rKE Set CH := (CH*,CH*, x,l) and F := {F^,F\T,e). For 
(j) e IIomT(CH, F) we get 

4>{lx) = Ix 

for all smooth schemes X] thus Proposition 11.2.41 implies that HomT(CH, i^) is 
either empty or contains only one element. 

Obviously, the conditions (11.2.31) (fT|)-(|4l) are necessary for HomT(CH, i^) to be 
non-empty. So let us assume that the conditions are satisfied. Proposition 11.2.41 
yields a natural transformation of right-lax symmetric monoidal functors 

<^:(CH,,x,l)^(^^,,r,e). 

We need to prove that (j) induces a natural transformation 

: CH* ^ F*. 
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1st Step: Assume that / : (X, <i>) (i^, in V* is smooth. We claim the 
commutativity of the following diagram: 

CH(y, ^) '^^^^-M} CH(X, $) 



F{Y, 



F'if) 



F{X,<f). 



It is sufficient to prove 

p*imiYy)m)) - <i>ixj~Hv))inv]) 

for all irreducible closed subsets V C Y. By using semi-purity we may replace Y 
by an open set and thus assume that V is smooth. We obtain 

= i^.(v-(v))^*(/|/-(v))(iy) dETBO 

= i^*(«/-i(y))(l/-i(y)) 
^<f>iXJ-HV))i[.r\V)]), 

where : F ^ (F, y), zy-i(y) : f-^{V) ^ 

^nrf S'tep; Let p : E ^ X he a, vector bundle and let s : X ^ i? be the zero 
section. We claim that for every closed subscheme W C X the following diagram 
is commutative: 

CR{E,p-^{W)) ^^^^ CH(X, W) 



FiE,p-\W))^^FiX,W). 

Indeed, by homotopy invariance we may write any a e CII(p^^(M^)) as a — 
CH*(p)(6) with b e CH(Ty). Thus by the 1st Step: 

F*{sma)) = F*{s)F*{pmb)) - (/-(fe) = 0(CH*(s)(a)). 

3rd Step: For every closed subscheme W C X denote by iq : {X, W) — > (X x 
¥\W x¥^), resp. : {X,W) ^ {X x ,W x P^), the morphisms in V* and K 
induced by the inclusion X x {0} C X xP^, resp. X x {00} <Z X xP^. We claim 
that 

F*ito)=F*{t^). 

Indeed, if p : {X x P^ ,W x P^) ^ {X, W) is the first projection, then 

F*{i,){a) = F,{p)F4i,)mX]) U F*{i,){a)) - ^,(p)(^^,(z,)(</'([X])) U a) 

for e e {0,00}. Since F4t,){<j){[X])) = x {e}]) the claim follows from [X x 

{0}] = [X X {00}] in CH^X X pi). 

^i/i 5'iep.- Let / : X — > F be a closed immersion and V C Y a. closed subscheme; 
set W := f-^V) Xy X. Then / induces / : {X, W) (F, V) in and we 
claim that 

CH(y, V) H!!ll£^cH(x, w) 



F'if) 

F{Y, V) ^ F{X, W) 
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is a commutative diagram. 

Again, it is sufficient to prove 

F*if)mv]))^'i^m*if)) 

for V integral. 

For tlie proof we use deformation to the normal cone (see |Ful981 §5]). Let 

MO := Blx^{oo}{Y X pi)\Blxx{oo}(i^ x {oo}), 
M° := mw>,{oo}iV X pi)\BWx{oo}("l^ X {oo}), 

then M° C M° is closed, and M°, M° are flat over P^. We have a closed immersion 
ix ■ X X ^ Af° resp. iw ■ W xP^ ^ A/° which deforms the immersion X <zY 
resp. W C V over P^\{oo} to the zero section of the normal cone over oo. 
Since W xF^ = Af" n (X x P^) we obtain morphisms 

i,:{Xx {e}, W X {e}) (A/°, M°) 

in V* for e G {0,oo}. By the 3rd Step we know that F*{io) = F*{iao). 

Consider the projection p : (F x (pi\{oo}), F x (pi\{oo})) {Y,V) inV*. Note 
that M° is the closure of V" x (P^ \ {oo}) in M", and thus 

CH*(p)([F])-CH*(j)([MO]) 

with j: {Yx (pi\{oo}), V x (pi\{oo})) (Af°, Af °) the open immersion. By using 
the 1st Step we get F*(p)(0([y])) = F* {j){(j){[M°])) and thus 

F*{f)mV])) = F*MmM'])) = F*{^^m[M°]))■ 
Now, let us compute F*(j,oo)- The morphism has a factorization 

Zoo : (^,W^) A (Afy/x,^^/,^) 4 (A./0,A^/0), 

where Ny/x is the normal bundle and C'v/w is the normal cone. Note that Ny/x is 
a smooth divisor in Af°, which intersects Af " properly (being the fiber of Af° P^ 
over oo), so that we may apply (|1.2.4.4p to t. Moreover s is the zero section of the 
normal bundle. The zero section also induces a morphism 

s' : {X, W) ^ {Ny/x, Ny/x xxW) 

in V*; denote by r : {Ny/x,Cv/w) {Ny/x, Ny/x Xx W) the morphism in K 
induced by the identity map. Then [LT77tj 4|) yields 

F*{s) = F*{s')oF,{t). 

Thus we get 

F*(*oo)(0([A^O])) = F*{s')F,{T)F*{t){<t>{[M'>])) 

= F*(s')i^*(r)(0(CH*(t)([A^O]))) irmi) 

= <^(CH*(z„„)([A^O])) (2nd Step) 

= </)(CH*(zo)([A^°])) = 0(CH*(/)([F])). 

5th Step: Let / : {X,^) (^, ^) be any morphism in V*. We have to prove 
that 

0oCH*(/)=F*(/)o^. 
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(1.3.0.7) 



Indeed, / factors through 

By the 1st Step we may reduce to the case of the closed immersion {id, /), and by 
using Proposition II . 1 . 20l the statement follows from the 4th Step. □ 

1.3. Correspondences. Let {F^,,F*,T,e) G T. Let Xi,i = 1,2,3, be smooth 
varieties and for ij = 12,23, 13, be families of supports on Xi x Xj. Denote 
by Pij : Xi X X2 x —> Xi x Xj the projection. Suppose that 

ipi3 I Pi2i'^i2)r\p2i{^23) is proper, 

\pi3(pr2^(^12)np23^($23)) C $13. 

Then we define 

F{Xi X X2, $12) «) F{X2 X X3, $23) F{Xi X X3, $13), a<»b^boa 
to be the composition 

(1.3.0.8) FiXi X X2, $12) ® FiX2 X X3, $23) 

F{Xi XX2X X3,pr2'(*12)) ® FiXi XX2X X3,P23'(*23)) ^ 

F{Xi XX2X X3,pr2'(*12) np23'(*23)) F{X^ X X3,$13). 

1.3.1. Let for ij ~ 12, 23, 13, be families of supports on Xi x Xj. Suppose that 
fpis I Pr2^(^'i2) np23^(3>23) is propcr, 

\P13{P12{^'12)^P2S{^'23)) C $'l3, 

and ^'ij C $y for ij = 12, 23, 13. Obviously, the following diagram is commutative 
F(Xi X ^2, $'12) ® F{X2 X X3, $^3) F{Xi X X3, $'13) 



FiXi X X2, $12) ® F{X2 X X3, $23) F{Xi X X3, $13). 

The most important case for us will be (CH,, CH*, x , 1). For later use we record 
the following particular case of the above discussion. 

Lemma 1.3.2. Let Xi, i = 1,2, 3, be smooth schemes and for ij = 12, 23, 13, 
be families of supports on Xi x Xj, which satisfy (|1.3.0.7p . For a G Z^-^^^{Xi x X2) 
and b G Z<i,^.^{X2 x X3) we define 

(1.3.2.1) supp(a,&) :=pi3(pj"2^(supp(a)) np^3\supp(&))), 

which is a closed subset contained in $13. The families of supports 

^'12 = *J'supp(a) , 'I'23 = *supp(b), $'13 = *J'supp(a,b) 

satisfy (|1.3.0.7p . The cycles a, b define in the obvious way classes 

5. G CH(supp(a)), b G CH(supp(6)) 
a G CH(Xi X X2, $12), b G CH(X2 x X3, $23)- 
Then bo a is the image of bo H via the map 

CH(supp(a,6)) ^ CH(Xi x X3,$i3). 



HIGHER DIRECT IMAGES OF THE STRUCTURE SHEAF 



19 



The Lemma 1 1 . 3 . 21 helps to miderstand the composition of two cycles a, b via the 
purely set-theoretic computation of supp(a, 6). Frequently we are able to compute 
the composition over suitable good open subsets; this is the motivation for the next 
Lemma. 

Lemma 1.3.3. Let Xi,i ~ 1,2,3, be smooth schemes. Let a £ Z{Xi x X2),b e 
Z{X2 X X3) be algebraic cycles such that 

-P13 I ?'r2^supp(a) n p^3'^supp(6) is proper. 

Let X[ C Xi,X'^ C X3 be open subsets; define a' G Z{X[ x X2),b' G Z{X2 x X'^) 
as the restrictions of a, b. We denote by p'^- the projections from X[ x X2 x X!^. 

(1) The restriction of p[^ to p^^su'pi>{a') H p'^^^snppib') is proper. 

(2) The equality 

supp(a', b') = supp(a, b) D {X{ x X'^) 

holds, where supp(a, 6) is defined in ()1.3.2.1|) . 

(3) The composition b' o a' is the image of b o a via the localization map 

CH(supp(a,6)) ^ CH(supp(a',6'))- 
(Here supp(a',fe') C supp(a, &) is an open subset by (2)). 
Proof. By definition we obtain 

supp(a') = supp(a) n {X[ x X2), supp(&') = supp(6) n {X2 x X3). 
For (1). Let Z12 C Xi x X2^ ^23 C X2 x X^ be closed subsets such that 
Pia I ?'r2^^i2 n P2^Z2Z is proper. 
Set Z[2 ^ Z12 n {X[ X X2), = Z23 n {X2 X X'^). Obviously, 

p'i2'^i2 np'23'^23 = {pl^z^2r^P2^Z2^) n {x[ x X2 x x'^). 

Thus, if P12Z12 r\p2-^ Z2Z is proper over Xi x X3 then ^12^^12 riP23^^23 is proper 
over X[ X X3. 

Statement (2) is a straightforward computation. For (3); By using the definition 
of o in (|1.3.0.8p it is straightforward to show that the diagram 

CH(Xi X X2, supp(a)) ® CH(X2 x X3, supp(6)) — CH(Xi x X3, supp(a, b)) 

CH(X{ X X2,supp(a')) ® GR{X2 x X^,supp(6')) CH(X{ x X^, supp(a', 6')) 

is commutative. □ 

1.3.4. For two smooth schemes X,Y and a family $ (resp. 'I') of supports of X 
(resp. Y) we define a family of supports 5') on the product by 

(1.3.4.1) := {Z d X xY;Z is closed, pr2 | Z is proper, 

Zr\Wi^{W) G pr2"^(*) for every W G $.} 

Let Xi, i = 1,2,3, be smooth schemes and let $i be a family of supports on Xi 
for i = 1,2,3. It is easy to see that $ij := P{^i,^j) satisfy the condition 11.3.0.71 
and therefore 
(1.3.4.2) 

F{Xi X X2, P($i, $2)) ® F{X2 X X3, P($2, $3)) ^ P(^i X X3, P($i, $3)), 
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where a (g) 6 i— > 6 o a, is well-defined. 

Proposition 1.3.5. (1) Let Xi,i — 1, . . . , 4, be a smooth scheme and let $j, i = 

1, . . . , 4, be a family of supports of Xi. For all aij G F{Xi x Xj,P{^i, 
the following equality holds 

034 o (a23 o ai2) = (034 o 023) o ai2. 

(2) For any {X, (f>) the diagonal immersion induces a morphism i : X ^ {X x 
X,P($,$)) m We set 

A(x,$) :=i^*W(lx). 

The equality A(x,$) ° 9 = 9 resp. g o A(x.$) = g holds for all {Y, 5") and 
g e F{Y X X,P(\E',$)) resp. g G F{X x y,P($,1')). 

Proof. The proof of the first statement is as in |Ful981 Proposition 16.1.1] but one 
has to keep track of the supports, which is straightforward. 

The second statement is an easy computation. □ 

1.3.6. Grading. For (X, $) and (1^,^) there are two different gradings on F{X x 
y, coming from F^, and F* . Unfortunately, neither are compatible with 

o from (|1.3.4.2I) . We define a new grading by 

F{X X r,P($,^'))' =0F2dim(X')+*(j^/ X y,P($,^-)), 

X' 

where X' runs through the connected components of X. With this grading o 
becomes a morphism of graded abelian groups. 

By the definition of the grading there are choices. We could also define a grading 

Fix X y,P($,Vl/)), = 0P2din.(X')+.(^' X 
X' 

Definition 1.3.7. To an object F — (P*,P*,r, e) G T we attach the graded 
additive symmetric monoidal category Corp with objects oh{C'orp) = oh(V^,) = 
oh{V*) and morphisms 

RomcorAiX, $), (y, - F{X X Y, P($, *)) 

with composition law a b 1-^ b o a (|1.3.4.2p . The identity is A(^x,<s>)- 
The product (8) on Corp is defined by 

{X, $) ® (y, ^) := (X X y, $ X 

and for two morphisms / e P(X x X', P($, $')), g e P(r x y', P(*, ^f')), we define 

f(g,ge RomcorAiX, ® (F, (X' , $') ® (y', r)) 
f®g:= F^idx X ^x',y x idY'){T{f ® g)), 

where Hx' ,y is the permutation of the factors (X', $'), (y, ^). 
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1.3.8. Given two objects F, G G T and a morphism (/) : F — >■ G in T we obtain a 
functor of graded additive symmetric monoidal categories 

Cor{(j)) : Corp —J- Cora 

which is given by 

(j) : F{X X Y, P($, *)) ^ G{X x Y, P($, ^)) 
for all {X, $), (F, 5'). This provides a functor 

Gor : T -> CatcrAb,®, F H> Gorp, (j) i-^ Cor{(p). 
Here, CatcrAb.ig is the category of graded additive symmetric monoidal categories. 

1.3.9. In order to state the properties of Cor it is convenient to introduce the 
category V with objects oh{V) = ob(T4) = oh{V*) and only morphisms the identity 
idx (for every X £ oh{V)). There are obvious functors V Vi,,V — )• V* , and 

V — )• Corp for all F £ T. We define Caty/GrAb,® to be the category with functors 

V ^ X as objects {X £ CatcrAb,®) and commutative diagrams 

(1.3.9.1) X ^Y, 



V 

with / £ HomcatcrAb » (^i Y), as morphisms. In general a functor / is called under 
V if the diagram ll.3.9.1l is commutative. 

Proposition 1.3.10. The functor Cor : T Caty/QrAb.(8 fully faithful. 

Proof Given F, G e T and </> : F ^ G we can recover : F(X) C{X), for 
X £ oh{V), from the map Cor{(j)): 

(1.3.10.1) Homcorp(Spec(fc),X) ^ Homcor^ (Spec(fc), X). 

On the other hand given tp : Corp — >■ Core in Catv/GrAb.ig then 11.3.10.11 defines 
a morphism F — >■ G in T. □ 

1.3.11. For aU F e T there is a functor 

Pf ■ Corp -> GrAb 

defined by 

PFiX,^) = F(X,$) 

PFh) = {a^ F4pr2)(F*(pri)(a) U7)) for j £ FiX x Y,Pi<P,^)). 

The map pph) ■ F{X, <i>) F{Y, *) is well-defined since prj | prj;^(<i>) n P(<I>, ^f) 
is proper and prj"^(<i>) n P(<i>, 5') C pr2"^(*) by definition of P((f>, *). Functoriality 
is again a straightforward computation. 
Moreover, there are functors 

rf : V, Corp, T*p : (y*)°P ^ Corp, 

(under V) such that 

PF o rf = F*, ppoTp^ F*. 
The functor rf" : 14 — )• Corp is defined by mapping a morphism / : (X, $) — )■ (F, ^f) 
to F^{id,f){lx) where (id,/) : X ^ (X x r,P($,^')) is in V,. Similarly, the 
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functor Tp : V* ^ Corp is defined by mapping a morphism / : {X, $) — > (Y, 5') to 
with (/, id) : X ^ {YxX, $)) in The equalities pf°t^ = i^, 
and pf ° Tp — F* follow easily from the projection formula. 

Lemma 1.3.12. If (p : F G is a morphism in T then 

Cor{(j)) oTp = Tq. 

Proof. For the first equality let / : (X, $) ^ (Y, 4*) be a morphism in 14 . We get 

Cor((/.)(Tf (/)) = Cor(^)(F,K/)(lx)) = K = 

G,K/)((/.(l;f)) = = rf (/). 

The second equality is proved in the same way. □ 

2. Hodge cohomology with support 
For a smooth scheme X and a family of supports $ of X, we define 

and call this fc-vector space the Hodge cohomology of X with support in $. We 
denote by H*{X, $) the graded abelian group, which in degree n equals 

(2.0.12.1) HUx,n^)- 

i+j—n 

We denote by iJ, (X, $) the graded abelian group, which in degree n equals 

(2.0.12.2) ff„(X,$) = 0ff2dimX.-n^^^^^)^ 

r 

where X — Xj. is the decomposition into connected components. We define 

(2.0.12.3) e : Z ^ i?(Spec fc) = fc 

to be the natural map sending 1 to 1. 

The goal of this section is to provide the object functions H^, and H* with the 
structure of functors 

H^:V^-> GrAb, H* : (V*)"" GrAb 

and to define for each (X, $),(y, ^) e ob(K) = oh{V*) a morphism of graded 
abelian groups (for both gradings) 

r(x.*),(y,*) : H{X, $) (g) H{Y, *) ^ H{X x F, $ x *) 

such that {H^, H* ,T, e) is an object in T, i.e. it is a datum as in ll. 1.61 and satisfies 
the properties 1 1.1. 71 



2.1. Fullback. 
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2.1.1. We work in the bounded derived category of quasi-coherent sheaves D''{X) 
on a scheme X. (The bounded derived category of coherent sheaves will be denoted 
by D'^{X).) Let f : X ^ Y he a, morphism of schemes, $ resp. ^ a family of 
supports of X resp. Y. There is an isomorphism of functors 

(2.1.1.1) RTf-^^^ ^ RT^^Rf^. 

If 5* C for another family of supports then the diagram 

(2.1.1.2) Rrf-i(^^,j^MRr^,Rf, 



RTf-i^^^^M.RT^Rf, 



is commutative. Moreover, if g : Z — )■ X is another morphism of schemes then the 
following diagram is commutative 



(2.1.1.3) 



RT 



(/os)-i(*) 



l2.1.1.1l for fog 



RT^Rifog), 



l2.1.1.1l for g 

RTf-i(^q,^Rg^. 

2.1.2. For a morphism f : X Y oi schemes we have 



id-^ Rf^Lf*, 
and thus we obtain a morphism of functors 

(2.1.2.1) RT^ RFf-n^^Lf*; 
it easily follows from l2.1.1.2l that the diagram 

(2.1.2.2) i?r*,^^^i?r/-i(*o^/* 



RT^^MRTf-^^)Lf 



commutes for vj/ c 4*'. From [^.2.2l and l2.1.1.3l it follows that for another morphism 
(7 : Z — > X of schemes the following diagram is commutative 

l2.1.2.1l for / 



(2.1.2.3) 



RV-:ji 
l2.1.2.1l fQr fog 



RTf-i(^q,^Lf* 



^ ^.1.2.1l for g 

R^{fog)-^{-i!)Lif O g)*- 

For a morphism / : (X, $) (^, *) in V* (i.e. /^H*) C $) the morphism 
(for 0? > 0) gives a morphism 

(2.1.2.4) i/*(/) : iJ(r,*) ^ iJ(X,$). 

It is a straightforward computation that / i-> H*{f) defines a functor {V* 
GrAb. 
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2.2. Push- forward in the derived category. We recall the following notations 
from duality theory (see |Har66j . |ConOOj '): Let X be a separated fc-scheme of finite 
type with structure map tt : X — )■ Spec k. We have Tr'fc G D'^{X). (In fact if X has 
dimension d then Tr fc has non-zero cohomology only in the interval [— d, 0]. This 
follows from [Har661 V, Prop. 7. 3 and its proof] and |Con001 (3.1.25)].) We denote 

(2.2.0.5) Dx ■■= RUouYxi-, n'k) : DI{X) DI{X). 

If / : X — > y is a proper morphism between fc-schemes, we have the trace map 

(2.2.0.6) Tr/ : Rfj' id, 

which is a natural transformation of functors on Z?+(F). For maps f : X ^ Y and 
g : Y ^ we have the canonical isomorphisms 

(2.2.0.7) cf,g:{gfy ^ fg'- mDt{X). 

Notation 2.2.1. Given a bounded complex C in D{X) and a morphism of com- 
plexes ip : A B in D{X) we will often denote the morphism RHomx{C, ip) : 
RHomx{C,A) RT-Lomx{C,B) simply by (p and the morphism RHomx{(p,C) : 
RHomxiB^C) -> RHomxiA^C) by ip^ . It will always be clear from the context 
what C is in the particular situation. 

Definition 2.2.2. Let / : X — > F be a proper fc-morphism. Let ttx and Try denote 
the structure maps of X and Y respectively. Then we define 

U : RUDx{^\) ^ Drm, q > 0, 

to be the composition 

Rf^RHonix{n'^x,Trxk) i?/,i?Homx(f^^, /Vyfc) 

RnomviRf^nl^, RfJ-TTyk) i^Homy (i?/,^2^, Tr^fc) 

^^^^ i?-Homy(rj|,, TTyk). 

Remark 2.2.3. (1) Notice that the composition of the middle two arrows in the 
above composition is just the standard Grothendieck duality isomorphism 
(see e.g. [C5S00l (3.4.10)]) i?/,i?Homx(-, /'(-)) ^ i?Homr(it;/,(-), -). 
(2) It is straightforward to check that the above push-forward also equals the 
following composition: 

Rf^Dx(n\) Rf,Dx{Lrn'y) RURnomx{Lrnl.,fnYk) 

^ RnomYinl.,Rfj'7rYk) ^ Dyinl). 

Here "adj." denotes the isomorphism (see jHar66[ II, Prop. 5.10]) 

RUR-HomxiLf* {-),-) - i?Homy (-, i?/,(-)) on i?-(y) x D+{X) 

and °-f* : Lf*VlY ^'x the morphism corresponding to fiy — > Rf^.ft'^^ 
under H^{Y, — ) applied to the above isomorphism. 

Proposition 2.2.4. (1) id, = id. 

(2) Let f : X ^ Y and g : Y ^ Z be two proper maps with X and Y of pure 
dimension dx and dY respectively. Then 

{g o /), = g* o Rg,{f,) : Rg^Rf,Dx{n\) ^ Dz{^'z). 
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(3) Let 

f f 

be a cartesian diagram with f proper, u etale and X of pure dimension d, 
then the following diagram commutes 

(2.2.4.1) u*Rf^Dx{n'^xf^^u*DY{nl.) 

Rf^Dx{n\,)^^Dy>{n^y,), 

where the vertical maps are the natural isomorphisms ( in the proof we will 
make these isomorphisms precise). 

Proof. (1) is clear. By |ConOOI Lem 3.4.3, (TRAl)] and IConOOl p.l39, (VARl)] we 
have 

(2.2.4.2) Tvgof - Trg o Rg,{Trf) o R{g o f),{cf^g) : RgMid ° /)' ^ id. 
and 

(2.2.4.3) c/,g o Cgof,h = f'{cgji) o Cfjiog : {ho go /)' f'g'h', 

where h : Z ^ W is a. thh'd map. This imphes (2). 

Now to make the vertical maps in (3) precise we need some further notations: 
Let : u*i?-Hom(-,-) ^ Rnom{u* {-) , u* (-)) , a : u*Rf^ ^ Rf*u'* and 
Cu '■ u* ^ u' be the natural isomorphisms. Then the vertical map on the left of 
(|2.2.4.1I) is given by c~\^ o e„' o o a and the vertical map on the right of (|2.2.4.ip 
is given by c~ o e„ o /3„ . Thus we have to prove 

(2.2.4.4) c-i^^ o e„ o /3„ o ^ f'^o c"/^^ o e„. o o a. 
Denote by 

buj -.u i i U 

the isomorphism of |Har66| VII, Cor 3.4, (a), 5)] (see also fConOO| (3.3.24)]). Then 
it is easy (but tedious) to check, that (j2.2.4.4p follows from 

u*{TYf) = Tr/, o Rf'^ibuj) o a : u*RfJ- Rf'J'-u* 
(see IConOOi Lem 3.4.3, (TRA4)]) and the following Lemma. □ 

Lemma 2.2.5. Let 
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be a cartesian diagram with u etale. Then the following diagram commutes ( nota- 
tions as above) 



I* £< 



Proof of Lemma. We will make extensive use of the notations in |Har66j and [ConOO] . 
All maps and functors involved in the statement are defined, for example, in |Con001 
(3. 3. 6), (3. 3. 15), (3.3.21), (3.3.25)]. Using these definitions for the residual complex 
K = TTyk on Y together with the identity u*K = u^K and the conimutativity of 



u*DkDu*kDu'k 



Du'ku*DkDk 



^u*Dk 



one checks that one is reduced to prove the commutativity of the following diagram: 
(2.2.5.1) u'*f^K^ — f'^u*K 



u'^f^K- 



■ f'^u^K. 



Here the maps are the analogs in the category of residual complexes of the maps 
in the lemma (see jHar66[ IV, Thm 3.1, Thm 5.5]). Since we work with actual 
complexes now, the commutativity of the above diagram is a local question. Thus 
take U C X open such that f\ij factors as [/ A P A F with i a closed immersion 

and p smooth. Then f^jj, also factors as U' P' ^ Y'. By the construction of f^ 



i^p^ and also /"^ = i'^p'^. 



in the proof of |Har661 VI, Thm 3.1, a)] we have 
Now by |Har66[ VI, Thm 5.5, 2)] we have 

Cpj^ O du^f — dup^i O i {d^p^ O Cp' ^i' J 

with Up being the base change of u hy p : P ^ Y. This equality implies that it is 
sufficient to prove the commutativity of (|2.2.5.1|) for i and p separately. Thus we 
are reduced to consider the two cases / is finite or smooth. The case / smooth is 
immediate, the case / finite follows from (ConOOl Thm 3.3.1, 2. (VAR4)]. □ 

Remark 2.2.6. (1) Let tt : X — > Spec fc be smooth of pure dimension d. Then 
there is a canonical isomorphism n k = ^x[d] =: uJx[d]. More general for 
any j > and n € Z we have the isomorphism 



(2.2.6.1) 



Xl 



Dxin'x 



d-J 



)[n-d], 



which is defined to be the composition of 

n^x[n] ^ ■Homx(^^x~^^i)W' a^{|3^a^|3) 
(notice that we make the choice of a sign here) with 
Homx (rj^~^ , ) [n] = Uom' (17^"^' , nj^ [d] )[n ^ d] ^ RHom{n''-^ , tt' fc) [n - d] . 
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(2) Let X be a fc-scheme of pure dimension d and U C X a. smooth open 
subscheme, then we have for all j > 

% ~ Hom^(r!^-^ nf,[d])[-d] Dx{np)\u[~d], 

where the first isomorphism is as in (1) and the second is given by restriction 
(or to be more precise, first use the isomorphism ri^[c?] ~ tt^A: and then 
the vertical isomorphism on the right in (|2.2.4.ip with U ^ X instead of 
u:Y' ^ Y). 

Lemma 2.2.7. Let ttx '■ X — !■ Specfc be proper of pure dimension dx and Try- : 
Y — !■ Spec k smooth of pure dimension dy ■ We denote by prj : X x Y ^ Y the 
projection (it is proper) and set d := dim(X x Y). Then for all j > there is a 
morphism in D^[X x Y) 

7 : pr- (Oy) <E, (pr^f!^/'^^^ [dy]) ^ i^xxY (pr^^!^"') 
satisfying the following conditions: 

(1) For U <Z X open and smooth denote by p2 '■ U x X ^ Y the restriction of 
pr2 . Then j \ U x Y is the composition 

(pr^Oy) ® pr^rif''" [dY])\uxY ^ nff^Y/yidx] ^p^n'y"'' [dy] 

^ nfjiy^y[dx]<E>p;RnomY{np',nty[dY]) Du>,y{p*2^P)- 

Here the last isomorphism is induced by the composition of the canonical 
isomorphisms fJ^-^^yy [dx] ^p'^^y^ldy] = r2^^y[(i] ^ 7r[;^y(fc). 

(2) The following diagram commutes: 

RW2*{W2{Oy) ® pr^f^r"" Ml-]) RW2*Dxy.Y{w*2^P) 

proj. formula 

Rpr2,{pr2{OY)) «) n^y"'^'' [dy] RHomy{n'^y\T:yk) 




n^-^^ldy], 

where the vertical map on the right is Trp^^ o adjunction o Cpr^.Try 
Proof. In [ConOOl (4.3.12)] is defined a map 

Cpr^ : pr2(Oy) 0^ prjTT^fc — > pr27ryfc 

such that 

(2.2.7.1) {W2{Oy) 0^ pr^^yfc)|c/xy'-^^V24fc)|c/xy 

^'ij\Y/Y\dx]®P*2^p-[dy] ^^ni^y[d] 

commutes, where the vertical map on the left is the composition of the canonical 
isomorphism ri^^yM] — ""[/xyC^) with Cp^^-j^Y ■ ""c/xy — -P2'''y- Furthermore by 
[ConOOl Thm 4.4.1] the following dia gram commutes: 
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(2.2.7.2) i?pr2^ (pr^Oy (g)-^ prjTr^fc) ^ i?pr2^pr^(7r^fc) 

pro j . formula '^^"pr2 

We define 7 to be the composition 
prliOy) ® P4n]7'^'' [dy] 



Trp, i8)id 



id(K)| |2.2.6.H 



h piilOy) «) pr*i?-Honiy(17^"^7ry/c) 

p12.fi' P2 , *orf— J\ 

It follows from (|2.2.7.ip and (|2.2.7.2p . that 7 satisfies (1) and (2). □ 

Proposition 2.2.8. Let i : X ^ Y be a closed immersion of pure codimension c 
between smooth k-schemes of pure dimension dx arid dy , respectively. Then for all 
q>0 

RT^n'i.[c]^H'i,m tnD'^,{OY). 

Suppose further the ideal sheaf of X in Oy is generated by a sequence t ^ ti, . . . ,tc 
of global sections of Oy ■ Define a morphism by 

dta 
t 



i-iy 



where a £ fly is any lift of a and dt = dti A ... A dtc- (Here we use the notation 

of \A.l\ ) Then the following diagram commutes in D^^{Oy) 

(2.2.8.1) 

12.2.6. 1> , i, 12.2.6. H „ , „ 

,^ni,'=^t,Dx (nf -'^)[~dx] Dy {n^.- -')[~dx] ^=^l^y+^ [c] 



Wxin'^^'^) 



Proof. The first statement is well-known (see also Lemma [A.2.ip . It remains to 
prove the commutativity of ()2.2.8.ip . Let ttx ■ X — > Specfc and Try : F -> Specfc 
be the structure maps. By Definition 12.2.21 the top row in ()2.2.8.ip is given by the 
following composition in D^^{Oy) 



'■X 



12.2.6. It 



nat. 



i^RHom{Vl'^^-\T:xk)[-dx] 



i^,R'Hom{fl^ 



i'-n'Yk)[^dx] 



12.2.6.11 '^ 



i?'Hom(i*fiJ^ ,i^,i'TTYk)[—dx] 
RUomii^ni^"^ ,TTYk)[~dx] 
i?-Hom(f7^-^~«,7ryfc)hdjf] 



HIGHER DIRECT IMAGES OF THE STRUCTURE SHEAF 



29 



We set tx 
that the above composition equals 

(2.2.8.2) i^'^x 



Then it fohows from Lemma |Aj22] and the definition of (|2.2.6.ip . 



multipl. 








nat. 
> 


'Hom(i*f2^ 












Hom(ri^^~« 










multipl. ^ ^ 







where (*) is induced by H'^i^P') = RTj^inp^)[c] np^[c\. There is a natural 

isomorphism (p : 'H^^ (^^y^'') — > 'Hom(f2Y^ "^jH^f (f^y^)) coming from the isomor- 
phisms 

Hom(rj^^^'?,H5f(r!y^)) = i?Hom(f)^^-«,i?rjf (r!^^)[c]) 

^ i?r;f(i??^om(r!^-^-'?,l]^^))[c] = i?rx(r!y+'')[c] 

This isomorphism is exphcitly given by 



The composition (12.2.8.2^ equals 

^ ^ o(i* )^Oixo (nat. )o (multipl.) 



It is straightforward to check that i\ = Lp o °ix° (nat.) o (multipl.) and this 



implies the commutativity of (12.2.8.11) . 
Corollary 2.2.9. Assume we have a cartesian square 

gx QY 



□ 




in which X, X' ,Y,Y' are smooth of pure dimension dx ,dx' , dy , dy , i is a closed 
immersion and we have c :— dy ^ dx = dyi — dx' ■ Then for all q > the following 
diagram commutes in D^^{Y) 



i*Rgx*^'xi = RgY*i':,^'x' 

9x 



Rgy^npi^lc] 



9y 



c+qr 



where the lower horizontal morphism is given by the composition 



. q l|2.2.6.1t . rr,dx-q\[ i 1 



Dy{Q''y--'^)[-dx] nl-^"^ 



and the upper horizontal morphism by Rgy<t applied to the analogous map for i' . 
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Proof. Since R^x^dY* — RgY*RIlx' naturally have a commutative diagram 



c+q\ 
Y' I 



c+q\ 



^ RT^{nf'i)[c] 



9y 



where the gy on the very left is defined in such a way that the left square commutes. 
By Proposition 12.2.81 it thus suffices to prove the commutativity of 



i^gx*^\, = gY*i'*^\, 



9x 



■ gY^Wic'i^t') 

9y 

c+q\ 



This is a local question, we may therefore assume that the ideal of X in "K is 
generated by a sequence ti, . . . ,tc of global sections of Oy- Then gyti, ■ ■ ■ ^gytc 
is a sequence of global sections of Oy, which generate the ideal sheaf of X' in 
Y' . Hence the assumption follows from the explicit description of and z^, in 
Proposition [2XH1 □ 

Proposition 2.2.10. Let f : X ^ Y be a finite and surjective morphism between 
smooth schemes, which are both of pure dimension n. We denote by 



qJ*^''X 



the composition 



f^Dxin^;,'^) ^ QqDyin'i; 



^n-q^ 



Then: 



(1) In degree the map Tf equals the usual trace on the finite and locally free 
Oy-module f^Ox, Trx/y ■ f*Ox ^ Oy 

(2) For a G and (3 G ily have 

Tf{af*P)=Tf{a)P 



(3) The composition Tf o f* : (Sgfly ^ Oq^y equals multiplication with the 
degree of f . 



Proof. All statements are local in Y. We may therefore assume, that / factors as 
X ^ P ^ Y , where j is a regular closed immersion of pure codimension d and tt 
is smooth of relative dimension d; further we may assume that the ideal sheaf of X 
in P is generated by d global sections ti, . . . ,td of Op. Then in degree n the map 
Tf equals the trace map : f^ujx ^y from IA.3.11 and in degree q the map Tf 
thus equals the composition 

f^Vl\ = fMomxi^^x ^'^^x) 'HoT[LY{f*^"x'^J*L^x) 



of 



'Hom(r2y = ^y- 
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Thus for f^n\ Lemma EU gives the fohowmg formula for T/(a): In 



r+s—d+q 



write 

i*{dtd A . . . A dti A a) 



r+s=d+q j 



where a € fip is a hft of a. Then 



(2.2.10.1) 



ti, . . . , td 



p,,q e 



This formula immediately implies (2). For any a e Ox we have 



Tf{a) - (-l)'*('^-i)/2Resp/, 



adtd A ... A dti 
ti, . . . ,td 



Res 



P/Y 



adti A ... A did 
ti, . . . ,td 



which equals Trjf/y(a) by |ConOO| p. 240, (R6)], hence (1). Finally (3) is a direct 
consequence of (1) and (2). □ 

Remark 2.2.11. The trace map from Proposition 12 . 2 . lOl and its properties are well- 
known, see e.g. jKun86| §16], where the trace is considered in a much greater 
generality. But there the construction is done via an ad hoc method not using the 
duality formalism. Therefore the connection to the trace map above is not a priori 
clear. 

2.3. Push-forward for Hodge cohomology with support. 

Definition 2.3.1. Let / : {X,^) {Y,'^) be a morphism in with X equidi- 
mensional. We define a compactification of / to be a factorization 

/ - / o J : {X, $) ^ {X, $) (Y, 

where X is equidimensional (but possibly singular), j is an open immersion and / 
is proper. Notice that since / | is proper, $ is also a family of supports on X. 
The compactification will be denoted by (j, /). 

By Nagata's compactification theorem (see, e.g. |Con07| ) any / in 14 admits a 
compactification. 

Definition 2.3.2 (Push- forward). Let / : (X, $) (i^, *) be a morphism in V* 
and assume that X and Y are of pure dimension dx and dy respectively and set 
r := dx — dy. Let 

(x,$)4(x,$) A(y,vi/), 

be a compactification of /. We define the push- forward 

H4f):H{X,'S>)^H(Y,^) 
as the following composition: 

Hix,^) ^^HUx,D^{nj,^~^)[^dx]) ^ ^Hpf ix,D^in'/-^)) 



: 112.2.6.11 



^w^-^Y,n^-')^HiY,^), 
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where the first isomorphism is the composition of (|2.2.6.1|) for n — with the 
excision isomorphism. Notice that we obtain a morphism of graded abehan groups 
H,{f) : H,{X,<i>) see (l2.0.12.2|) . 

This definition is independent of the chosen compactification. 

We extend the definition to the case of non-equidimensional X and Y additively. 

Proof. We have to prove the independence of H^{f) from the chosen compactifica- 
tion. Let 



X 



X. 
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h 



X2 

f2 

Y 



be a commutative diagram with d := dimXi = dimX2 = dx, ji and j2 open and 
/i) /2 proper. Notice that g is automatically proper. Then the following diagram 
commutes: 




i — d 




Indeed, the left triangle commutes since 5* | X = id* by 12.2.41 (3), the square in 
the middle obviously commutes and the triangle on the right commutes bv 12.2.41 
(2). 

Two arbitrary compactifications of / always receive a map from a third one and 
thus the general case follows from the case above. 

□ 



Proposition 2.3.3. (1) H^{id) = id. 

(2) Let f : (X, $) (Y,^) and g : (F, *) {Z,E) be two morphisms in K- 
Then 

H4g o f) = H,{g) o H,{f) : H{X,'i>) ^ H{Z,E). 

(3) // / : (X,^) {Y,'^) in is finite, then H^,{f) is induced by the trace 
map Tf from Pror)osition \2.2.'T(K 

Proof. (1) follows from I2.2T41 (1). Now for (2) we may assume that X,Y,Z are 
connected. Let and {jv^gi) be compactifications of / and g, respectively. 

Let {jxi , fi) be a compactification of jV o /i • Thus we have a commutative diagram 

X2 

Xi Fi 
X^Y^Z, 
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with vertical arrows open immersions and diagonal arrows proper. Replacing Xi 
by f2^iY), we may assume that the parallelogram is cartesian. Now bv 12.2.41 (3) 
the following diagram commutes 



Thus (2) follows from 12.2^ (2). (3) follows immediately from the definitions. □ 



Lemma 2.3.4. Consider a cartesian diagram 

{X X — ^ 

gxxY 

{X X y, $) 



such that f is induced by the projection to Y , f,f' G and gxxY, 9y G V* . Then 

H*{gY) o H,{f) = H^f) o H*{gxxY)- 
Furthermore, H^{f) : H{X x y, $) — > H{Y, 4*) factors over the projection H{X x 

y, $) ^ ®^,JHl{x X r, pr*r!^^ ® wl^'v)- 

Proof. We may assume X and Y of pure dimension dx and dy, respectively and 
we set d :— dx + dy ■ We embed X as an open in a proper fc-scheme X of pure 
dimension dx- Then {X x F, $) A- (X x F, $) {Y, ^f) is a compactification of /, 
where j is the open embedding and prj is induced by the projection to Y . Similar 
we obtain a compactification for /', in which case we write prj for the projection 
to Y' . The second statement of the lemma follows from Definition I2.3.2[ Remark 
12.2.31 (2) and the following commutative diagram: 



projection 



Dx.Y{^tiY)[-d] 



X 



D 



{W*2^P)[-d]. 



Now we come to the first statement of the lemma. Consider the following diagram 
(we use a shortened notation): 



-"pr-i(*) 




{Dxxy{^XxY^^ 



(pra)" 




pr-i(*) 



(pr^(Oi 
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here we use the notation of Lemma 12.2.71 furthermore the upper map on the left 
is induced by excision, the middle and the lower map on the left are induced by 
projection and excision and the middle and the lower map on the right are induced 
by the corresponding maps from Lemma [2.2.71 (2). It follows from Lemma [2.2.71 
and Remark l2.2.31 (2) that all the triangles in this diagram commute. Replacing Y 
by Y' and prj by prj we obtain a similar commutative diagram. Thus it remains 
to show that the following diagram is commutative: 
(2.3.4.1) 



proj. 



H'[gx>,Y) 



H-{gY) 



where d! — dx + dy' ■ To this end we define the map 

Tf : Rf*RT^ioJxxy/y[dx]) ^ RL^Oy, 
to be the composition 



Rf* RL,s> {^xxy/y[dx]) 



excision : 



% RpT^,RT^{W20y) 



^ ^pr2*^rp^-i(*)(pr20y) ^ i?r^i?pr2,pr20y ^ RT^Oy. 

Then the upper horizontal line in diagram (12.3.4.1P equals H'-'^iY,-) applied to 
the following composition: 



Rf*RT^n'xxy[d] R.URL^{^xxy/y[dx] ® rn^y"^ [dy]) 



Rf*Rr^{ojxxy/y[dx]) <E> n^'''' [dy] 



(There is no intervention of signs in the definition of the projection map, this is 
compatible with the fact, that the isomorphism wxxy M] — ^xxy/y [dy] 
is defined without a sign, see [ConOOl (2.2.6)]. ) The lower horizontal line in the 
diagram (|2.3.4.ip equals H^~'^ {Y',—) applied to the analog composition for /'. 
Then it is straightforward to check that the commutativity of diagram p.3.4.ip is 
implied by the commutativity of 



(2.3.4.2) 



Rf* RLcs, {^xxy/y[dx]) 
Rgy*RfiRT^>{uJxxy'/y'[dx]) 



RL^Oy 



9y 



Rgy-*RT_^,Oy 



To prove the commutativity of this last diagram, we can clearly assume (by 
definition of the pull-back and t/), that = 9x\yi^) ^^"^ = .9y^(*)- We 
define the map 

a : RW2*W2^Y -> RgY*Rw'2*{w'2)'Oy' 
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to be following composition 



^Pi"2*prl(7i'|^^) 



where b 



prj7r|^ ~ pi2TTY is the isomorphism from |Har661 VII, Cor 3.4, 5)] 



and the middle map is the composition of the natural maps 

^pr2,prt RgY*LgYRpi2*Wi ~> R9y*Rw'2*L9*xxy^^i - R9y*Rw'2*{w'i)* ■ 
Now the commutativity of diagram (|2.3.4.2I) follows from the commutativity of 

[dx]) ^ RURW2*W20y 



9xxY 



RgY* Rfi i?r$' [uJx xY'/Y'[dx]) 



RT^RgY^Rpr'^AP^'^yOY', 



which is clear by the explicit description of the isomorphisms in the smooth 

case (see |Har66[ VII, Cor. 3.4, (a), Var 6]); and from the commutativity of the 
diagram 

Rr^Rpr2MOY — — — - RL^{Oy) 



Tr„ 



9y 



■RL^R9Y*iOY'), 



RT^RgY*Rpr'2Aw'2) OY' - 
which follows from |Har66[ VII, Cor. 3.4, (b), TRA 4]. Hence the statement. 



□ 



Proposition 2.3.5. Let 



ax 



/' 



(F',*') 

aY 



be a cartesian square with f,f' G t4 and gx,gY G V* . Assume either that gY is 
flat or gY is a closed immersion and f is transversal to Y' . Then 

H*{gY)oH,{f)=H,{f')oH*{gx). 

Proof. Embedding X in X x Y via the graph morphism, the above diagram splits 

as 



^ {X X V',$') 



pr2 



9x 



(X,$)C- 



idxgi- 



pr2 



aY 

-(r,*). 



-^{X xY, $) 

Both squares are cartesian, the projections pr2 are smooth and the inclusions are 
closed. If gY is a closed immersion and / is transversal to Y' , then id x gY ■ 
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X X Y' ^ X X Y is transversal to X ^ X x Y. Thus the statement follows from 
Proposition [2X31 (2), Corollary [2221 and Lemma [23Z1 □ 

Lemma 2.3.6. Let X be smooth and i : D ^ X the inclusion of a smooth divisor. 
Let ^ be a family of supports on D and denote by ii : (Z?, $) — )■ {X, $) the map 
in 14 induced by i. Then H^{ii) : H^{D , H^^{X,D,-'^ ) is the connecting 

homomorphism of the long exact cohomology sequence associated to the following 
exact sequence 

(2.3.6.1) ^ r?^^ ^ fi^+^(logD) ^ i*Sl^ ^ 0, 

where Res{YC() = for t e Ox a regular element defining D and a G fi;^. 

In particular if ^ d X is supported in codimension > i + 1 in X, then H^,{ii) is 
infective on H^. 

Proof. By remark [2. 2. 61 (1), the map from Definition l2.2.2l induces a map, which 
we denote by again, 

It suffices to show that this map coincides with the edge homomorphism coming 
from the distinguished triangle p.3.6.ip . which we denote by 9rcs- The diagram 

Hom(r!^"(^'+') , i.cud) ^ nomin'^-^'+''^ , LUX [1] ) 



where n = dimX and the vertical maps are induced by multiplication from the 
left, is commutative for both i, and Orcs- Thus we only need to consider the case 
j = n — I. 

Let K* be the complex Ox{-D) Ox in degree [-1,0]. Then K' i^Od 
is a locally free resolution. We denote by Tr, the composition z*a;£)/x[~l] 

i^vOx Cx, where ri^ is the fundamental local isomorphism (see (1A.2.0.1P '). 
Then Tr^ is given by 

Tr: : i,^D/x[-l] ^ nom'{K',Ox) ^ Ox- 
Here the first map is in degree 1 given by (see (|A.2.0.2[) ') 

nomiOx{-D),Ox) = OxiD) ^ i.uJDjx, \ ^ -t^ , 

where i is a regular parameter defining Z?, and the second map (in degree 0) by 
'KovciiOx^Ox) = Ox- (See the proof of Lemma lA. 2. H and in particular (1A.2.1.3|) .) 

It thus follows from the commutative diagram (|A.2.2.2|) that : i^ujd ^^x 
equals the composition 

Tr;[l]®id 

l^UJD ^ l*^D/X ® > ^X [IJ , 
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where the first map is given by a 
following diagram commutes 



(8) {dt A a), with a a lift. Obviously the 



0- 



0- 



■UJx 



■ UJX (log D) 



-Rc 



■noYa{Ox,Ox)®i^x 



■Ox{D)®LUx' 



0. 



And by the above (and the sign conventions from [ConOOi 1.3]) the map if,uJD/x 
UJx — y.om{Ox,Ox)[i] ®uJx induced by the lower exact sequence equals — (Tr^ ® 
id). (Here we need that Horn* {K* , O x)[l] = Hom{K-('+^\Ox).) Thus the com- 
mutativity of the above diagram yields = — 9_rcs — 5ros. □ 

2.4. The Kunneth morphism. For (X, $) and (F, ^f) G ob(V;) = oh{V*) the 
Kiinneth morphism 

(2.4.0.2) X : HUX, n^,) x HiiY, r!|.) ^ H^+J^iX x Y, ^V'+^y) 

is defined as the composition of the cartesian product with multiplication. Choose 
fiasque resolutions 17^ rjf, J' and denote = Ker(rcE,/* T^r+^) 

and = Ker(r*JJ' ^ T^J^+i). Then pr^^J* (S)k pr^V* is a resolution of 
prj"^n^ pr2"^riy and p.4.0.2p is induced by the composition of the natural 
maps 



We define 
(2.4.0.3) 

by the formula 



T : H{X, $) ® i7(F, *) ^ F(X x F, $ x *) 



T(a,,p ® ,) = (-l)(*+P)-^ (a,,p x ,), 
where a,,p G i7|.(X, 17^), /3j^, e iJ4(y^,f^y), and x is the map in 12.4.0.21 

Proposition 2.4.1. T/ie triples (i?*, T, e) and (iJ*, T, e) define right-lax symmetric 
monoidal functors (see \l.l7^ . 

We will need the following lemma. 

Lemma 2.4.2. Let f : X ^ Y be a morphism, assume Y to be smooth and X of 
pure dimension d. Then for any p,q > there is a morphism 

/i : Dxin'i.'n ® r^'y Dxi^P^^'h 

such that: 

(1) If U d X is a smooth open subset, then the following diagram commutes 



Du{nfj-'')[-d]®f\u*^l- 

1 12. 2. 6. H 



P-\ul-d] 



Du{n''-^''^^^)[-d] 



I2.2.6.H 



' f\U*^ 



Y 



"(7 I 



where the lower horizontal map is given by a® (3 ^ a /\ f*{f3). 
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(2) // / is proper, then the following diagram commutes 




where the lower horizontal map is induced by, Hom{n'^^ , fll^ ) (E) ~^ 

Proof. We denote by ttx and Try the structure maps of X and Y, respectively. Since 
Tr'xk and Tr'yk are dualizing complexes, they are represented by bounded complexes 
of injectives /jj-, ly and Tr/ : /*7r)(-fc = ftf iTyk — iTyk is thus represented by a 
morphism of complexes Try : /*/^ — > /y. Now the map 

A* : nomxin'p^i'x) f*^^. ^ nomxinP^^'K i^) 

is in degree n given by 

nomxin''x''^Ix)® f*K nomx{^t^''^''\lY), 0®a^ 0{f*{a) A -). 

It is immediate that this defines a map of complexes which satisfies (1). For (2) we 
observe, that it suffices to check the commutativity of 



Tr/o(-)o/* 



Tr/o(-)o/' 



which is straightforward. 



□ 



Proof of Proposition Recall that H*{X,<^)is graded bv l2.0.12.1l and {X, $) 
is graded bv 12.0.1^?^ The morphism T respects the grading for both gradings. In 
the following we will work with the upper grading H* . All arguments will also work 
for the lower grading H^. because the difference between lower and upper grading 
is an even integer. 

By using the associativity of x p.4.0.2p it is straightforward to prove the asso- 
ciativity of T. Let us prove the commutativity of T, i.e. that the diagram 

(2.4.2.1) H{X, $) H{Y, ^) H{X xY,^x^) 



H{Y, (g) H{X, $) H{Y X X, * X $) 

is commutative. The left vertical map is defined by a 6 i-s- (— l)'i°g('^) dog(6)f, ^ q,^ 
and the right vertical map is given by H*{ei) and i?*(e2), respectively, with 

ei : (y X X, X $) ^ (X X y, $ X *) 
€2 ■■ (X X Y,^ X ^) ^ (Y X X,^ X ^) 
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the obvious morphisms ei £ V* and £2 G K. Obviously, H*{ei) — i/*(e2), thus we 
may work with H*{ei) in the fohowing. Note that the diagram 

i-ir-'H'iei) 

HiiY, n'^) X ^2^f^^ H'^+l,{Y X X, 

is commutative, where the left vertical arrow is defined by a x 6 h- > (—1)*'^ (6 x a) . By 
using this diagram it is a straightforward calculation to prove the commutativity 
of (12.4.2. 111 . 

We still need to prove the functoriality of T for H* and H^. For H* this follows 
immediately from the definitions. Let us prove the functoriality for H^,. We will 
write H^{—) instead of H^{X, By using the commutativity of T (|2.4.2.ip it is 
enough to prove that the following diagram commutes 



(2.4.2.2) 



H,(h) xid 



if. (h xid) 



for any {Y, ^) e K and h : {X, $) ^ (X', $') in K and r = dim X- dim X' (X and 
X' are assumed to be equidimensional) . Equivalently, the diagram as in ()2.4.2.2p . 
but with X instead of T as horizontal arrows, commutes. Observe that x can be 
factored as 
(2.4.2.3) 

where the map on the right is the composition of the cartesian product with the 
multiplication map 17^^^ 0^ pr^^57y — > n'^^yi ct® P ^ aAprj/?. By Proposition 
12.3.51 the diagram 



(2.4.2.4) 



Him 

H(h,) 



H. 



i^'xxy) 

H,(hxid) 



Tji-T ,Qp-r-."_^P^ Tji-r tryp-r x 



commutes. Thus it suffices to prove that 

H,(hxid)xid 

KZyin^j^Zy) X Him 



-"*x*^"XxY-' 

ff.(/ixid) 

Tji+j-r /(^p+q-r\ 
-"■I>'x* >>"X'xy ) 



commutes. 

Now let h : X ^ X' he a, compactiflcation of h and set d = dimX + dimF. We 
write 



p 

^XxY 



^d-p 



XxYi^XxY^ 



^X'xY 



D 



X'xY 



d—p 
X'xY 
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Notice that uj^^ = and (jJx'xy — ^X'xvi'^^''"]- With this notation 

the push-forward is a morphism 



{h X id)* : R{h x id)*!:!;*^ 



XxY 



and we have to show that the following diagram commutes: 



XxY 
(/ixid), xid 



(hxid). 
^>S>'x'i/\'^X'xY)' 



where the upper map is given by the cartesian product composed with the /i from 
Lemma [2.4.21 Clearly we may assume $ — h^^{^'); thus 



(2.4.2.5) 



HlxYi^XxY) = H\.'xY{R{h X id),wj^y). 



Now it follows from Lemma r2.4.21 (2), that it is enough to prove the commutativity 
of the following two diagrams 



'i>xYV^XxY> X H^mi^y) 
(hxid), xid 



H'+U{R{h X id)4L.J^^) ®k W2 ^V) 
(hxid),(g)id 

H'^i^i^X'xY ®k W2^^V)^ 



here the upper horizontal map is the composition of (|2.4.2.5p with the cartesian 
product, and 



(/ixid),(8id 



H'+U{R{h X id)4^|,y) ®o V^l^V) 

(hxid),®id 



-ff$'^*K'xy®opr5f^?.)- 



For this take injective resolutions 



XxY 



I' and tj^/^y 



J', then the push- 
forward is given by an actual morphism (h x id),/' J'. Now the commutativity 
of the first diagram is easily checked by taking an injective resolution of ily- For 
the commutativity of the second diagram we observe, that (h x id),/* (8)fe pr^^Jly 



and {h x id),/' <^o pr2^^y still represent R{h x id),L 



XxY 



k pr2 and R{h x 



id),aj^^y (^o W2^Yj respectively and similar with {h x id),/' replaced by J' and 
{h X id),w^^y by Thus it is enough to check the commutativity using 

these complexes, which is obvious. □ 

2.5. Summary. Let (//,,//*, T, e) be the datum defined above, i.e. //, : Vt, — > 
GrAb is defined on objects by (|2.0.12.2p and on morphisms by Definition 12.3.21 
H* : {V*)°P — > GrAb is defined on objects by (|2.0.12.ip and on morphisms by 
(|2. 1.2.41) . T is defined by (|2.4.0.3p and e by (|2.0.12.3p . 

Theorem 2.5.1. The datum (H^, H* ,T, e) is an object in T, i.e. it is a datum as 
in \ 1.1.6] and satisfies the properties \1.1.7\ 
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We denote by HP the pure part of H, i.e. 
(2.5.1.1) i7P(X,$) :=0i7|(X,f^^), 

n>0 

and let HP*{X, <i>) be the graded abehan group, which in degree 2n equals 

and is zero in odd degrees. The graded abelian group HP^{X,^) is defined as in 
(|2.0.12.2p . Then the functors i?*, ff* induce functors HP^, HP* and T and e 
restrict to HP. We obtain: 

Corollary 2.5.2. The datum {HP,,, HP* ,T, e) is an object in T. Furthermore 
HP satisfies the semi-purity condition from Definition \1.2.1\ and the natural map 
{HP^,HP*,T,e) {H^,H*,T,e) is a morphism in T. 

Proof. The semi-purity condition follows from [SGA21 Exp. Ill, Prop. 3.3]. □ 

3. Cycle class map to Hodge cohomology and applications 
In this section k is assumed to he a perfect field (unless stated otherwise) . 
3.1. Cycle class. 

Proposition 3.1.1 (Cycle class). Let X he a smooth scheme and W C X an 
irreducible closed subset of codimension c. There is a class cl(^x,w) — cl(W) G 
H^{X,n'j^) with the property 

H*{j){cl{W))^H,itunw){l) 

for every open subset U <Z X such that U C]W is smooth (and non-empty), where 
J : ([/, n [/) — > (X, W) is induced by the open immersion, i : W D U — > {U, W O 
U) is induced by the closed immersion, and 1 is the identity element of the ring 
H\X,Ox)- 

Remark 3.1.2. The cycle class in the above proposition is Grothendieck's "funda- 
mental class" (see e.g. |Lip84[ p. 39, (ii)]). For the convenience of the reader and to 
be sure about the compatibility with the push-forward constructed in the previous 
section, we give a proof of the proposition, which is standard. 

Proof. 1st Step: Let rj be the generic point of W . We define 

H^^{x,n^x)--^^^mnw{u,ntj) 

veu 

where the inductive limit runs over all open sets U C X with r/ E U. Choose U 
such that U r\W ^ ^ is smooth. The image of ^f,(^^7n^v)(l) G ^[>nw(^' ^i/) 
H^{X, r23f ) doesn't depend on the choice of U bv ll.l.7t| 4|). We denote this class by 

2nd Step: A class a G H^{X, Q^) ^hc image of 

H^{x,n$,) ^ H^^{x,n'^x) 

(i.e. extends to a global class) if and only if for all 1-codimensional points a; in 
there is an open subset U C X containing x, so that a lies in the image of 



42 



ANDRE CHATZISTAMATIOU AND KAY RULLING 



Indeed, the Cousin resolution yields an exact sequence 

(3.1.2.1) O^H^{X,n^x)^H^^iX,Q'^x)^ H^+\x,n'k), 

x£W,cd{x') = l 

and H^^y^{U,VL'ij) H^{X,n\) H^+\X,n'=^) vanishes for aU x and U as 
above. 

3rd Step: IfW is normal then cI{W)tj extends (uniquely) to a class in H^^{X, ^x)- 
Indeed, since W is regular in codimension — 1 and we assume that k is perfect, we 
may choose an open U C X such that U DW is smooth and U O W contains all 
points of codimension = 1 of W. So that the class extends by the 2nd Step. Note 
that the extension is unique because of the exact sequence 13. 1.2.11 

4th Step: We claim that the class cl{W)jj extends to a class in Hyy{X,il.x)- 
In view of the 2nd Step it is sufficient to extend the class at all points x G W 
of codimension = 1. Thus we may assume that X (and therefore W) is affine. 
The normalisation W ^ W is a finite morphism and thus projective. Choose an 
embedding W — >■ W XkV% over W. The previous step yields a class cl{W) S 
H^^iX X P",f]^+'p„)- Consider H4pr^){d{W)) G H^{X,n'j^y, for an open U C 
X such that W fMJ ^ % and U f]W is smooth we obtain 

H*{3)H,{w,){cl{W)) = H,{w,\u^r^)H*{f){d{W)) = 

■H"*(pri|c/xP")^*(*(c/xP")nM')(l) = H^{iunw)W. 

with y : (JJ X P", {U X P") n W^) ^ (X x V\W). Thus H^{w^){cl{W)) is the 
desired lift. □ 

3.1.3. Explicit description of the cycle class. Let X be a smooth scheme and W <Z X 
an irreducible closed subset of codimension c with generic point 77 G X. Denote 
A ^ Ox,,,- Then 

H^,iX,n'x)= hnj ^, 

where the limit is over all A-sequences / = (/i, . . . , fc) of length c which are con- 
tained in m,, (in particular y/ifi, ■ ■ ■ , fc) — ni,,). The class of w S il% under the 
composition in — >• ^'^/{f) — > H^{X, ilx) is denoted by [^] . See lA. II for details. 

Now let U be an affine open subset of X such that U is smooth and the 
ideal oi W r\U in Ou is generated by global sections ii, . . . ,ic on U. Then by 
Proposition [2T8] 

ci{w\ = {-irY''---'^'; 

II, . . . , tc 

Lemma 3.1.4. For a closed immersion t : X ^ Y between smooth schemes and 
an effective smooth divisor D dY such that 

• D meets X properly, thus D H X := D Xy X is a divisor on X, 

• D' :— [D n X)red is smooth and connected, and thus D f] X — n ■ D' as 
divisors (for some rt G Z, n > 1 

we denote by tx ■ X ^ {Y,X),id' ■ D' — > {D,D') the morphisms in V* induced by 
I, and we define (72 : iD,D') — > {Y, X) in V* by the inclusion g : D ^ Y. Then 
the following equality holds: 



H*{g2){H,{ix){lx)) = n ■ H,{id'){1 



D' 
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Proof. Let c be the codimension of X in y and gs : {D, D') {Y, D') be induced 
by the inclusion D C Y. Then 

is injcctive (by Lemma 12.3.61) and thus we need to prove 

H,{g3)H*{g2)H,{ix)ilx} = n ■ H,{g3)H,{iD'){lD')- 
Let (7i : Z? — > {Y, D) be induced by g, then projection formula [1.1.111 gives 

H,{.gz)H*{g2){H,{ix){lx)) - H,{gi)[lD) U H,{ix){lx). 
Therefore it suffices to prove 

(3.1.4.1) i/45i)(lz3) U H,{ix){lx) = n ■ H^g^ o id'){Id'). 

Let r] be the generic point of D'. Since H'^'^^ (Y, Qp'^) — for all closed subsets 
C F of codimension > c + 2, by jSGA21 III, Prop. 3.3], the restriction map 



(3.1.4.2) 



is injective. Thus it is sufficient to prove the equality p.l.4.ip in i/^+^(y, fi^^). 

Since X is smooth we may find a regular sequence ti,...,tc G Cy,?7, which 
generates the ideal of X. li D = div(/) around rj then 



(-1) 



U(-l)^ 



dti A ■ ■ ■ Adtc 
ti, . . . ,tc 



(-1) 



c+l 



df A dti A ■ ■ ■ A dtc 



is the image oi H,{gi){lD) U H,{ix)ilx) in H^+HY,^y^')- 

Let TT G Cy,r/ be a lift of a generator of the maximal ideal in Ox.rf By the 
explicit description of the cycle class in 13.1.31 we get 



H,ig3 0tD')ilD') = (-1) 



c+l 



dn A dti A ■ ■ ■ A dt^ 

TT,tl, . . . ,tc 



Obviously / — ott" in Ox,,j for a unit a £ C^c r;- Choose a lift 5 e Oy ^ of a, thus 
/ = a7r" modulo (ti, . . . ,tc), and we obtain 

■ dn A dti I 
a7r",ti, . . . ,t 



df A dti A ■ ■ ■ A dt 

f,tl,---,tc 

which proves p.l.4.ip 



nan"- ^ ■ dn A dti A ■ ■ ■ A dt^ 



dn A dti A ■ ■ ■ A dtc 

7T,tl, . . . ,tc 



□ 



Theorem 3.1.5. There exists a morphism cl : CH —^H= {H^,, H* , T, e) in T. 



Proof. Since there is a morphism HP = {HP^,, HP*,T, e) H in T, it suffices to 
prove the existence of cl : CH — HP. 

This follows from Theorem ll.2.3i since HP satisfies all the conditions listed there: 
We have HP e T and it satisfies the semi-purity condition 1 1 . 2 . 1 1 bv Corollarv l2.5.21 
it satisfies 031(1]) by Proposition[lXl(3) and pX^ P by LemmaEXl Finally 
the element cl(^x.w) from (|1.2.3p (P)) is the cycle class constructed in Proposition 
[gXTl and 11231)© is obvious. □ 



3.2. Main theorems. 
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3.2.1. Let / : (X, $) -> (F, vf) be a morphism in 14 or V* . In view of Theorem 
13.1.51 Sect ion fl . 3 . 1 1 1 and Lenima ri.3.121 the morphism 

(/) : if, (X, $) ^ if, (F, , resp. * (/) : * (F, ^ if * (X, $) 

is given by (we write cl instead of Cor{cl)) 

H,{f) ^pHoclo T^^if), resp. H*{f) ^ pn o d o T^^{f). 

Thus we may use composition of correspondences in Cor en to compute H*{f) o 
H,{f),H,if)oH*{f),ctc. 

Proposition 3.2.2. Let X, Y be smooth and connected, and let 

a e llomcorcniX,Yf = X Y,P{<^x,<^y))- 

(1) // the support of a projects to an r-codimensional subset in Y , then the 
restriction of pn ° cl{a) to Qj^^ j H^{X, il^) vanishes. 

(2) // the support of a projects to an r-codimensional subscheme in X , then the 
restriction of pn o cl{a) to ®j>dimX-r+i i ^^C"'^' ^x) vanishes. 

Proof. (1). We may assume a — \V] ior V X x Y a, closed irreducible subset of 
dimension dim(y) ~: dy, with py{V) C F of codimension r. We set dx — dimX. 

By definition of pn fsee ll.3.lT|) and Lemma r2.3.4l it is sufficient to prove that for 
all < g < r — 1 the image of the class cl{V) vanishes via the map 

To prove this we may also localize at the generic point 77 of (by |SGA2[ III, Prop. 
3.3]). 

We write B ~ OxxY,ri and A = Oy^pYiri)- Now A is a regular local ring of 
dimension r and B is formally smooth over A. Let ti, . . . ,tr € A be a regular 
system of parameters of A. Since 5/(1 (8) ii, . . . , 1 (81 ir) is a local regular ring there 
exist elements Sr+i, . . ■ , Sdx G B such that 1 (g) ti, . . . , 1 (g) i^, Sr+i, . . ■ , Sdx is a 
system of regular parameters for B. Thus by the explicit description of the cycle 
class in 13. 1.31 we obtain 

'd{l (E) ti) A ■ ■ ■ A d{l (g) tr) A dsr+i A ■ ■ ■ A dsdx 

l®ti,. . . ,l®tr,Sr+l,. . . ,Sdx 

This clearly implies the claim. 

(2) Let a — \V] be as in (1) and suppose px{V) has codimension r in X. As 
above it suffices to prove that for all < g < r — 1 the image of the class cl{V) 
vanishes under the projection map 

Write C = Ox,px(ri)- Then as in (1) we find ti, . . . , £ C and Ur+i, • • ■ , o'dx ^ 
such that Ti (g) 1, . . . , Tr (8) 1, <Jr+i, • . • , <Jdx is a system of regular parameters for B. 
Thus 

'd{Ti ®l) A - ■ ■ A d{Tr (g) 1) A dar+i A ■ ■ ■ A dadx' 

Ti (g) 1, . . . ,Tr (8) l,crr+l, ■ . ■ ,cr<ix J' 



cl{V\ = (-1) 



cl{V),, = (-1) 



which implies the claim. 



□ 
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3.2.3. Let 5* be a fc-scheme and let / : X — > 5 and g : Y ^ S he two integral S- 
schemes, which are smooth over k. Let Z C X XsY he a, closed integral subscheme 
of dimension equal to the dimension of Y and such that pr2|2 ■ Z Y is proper. 
For an open subset U C S, we denote by Zu C f~^{U) Xj/ g^^{U) the puUback of 
Z over U. This gives a correspondence [Zu] € RomcorcHif ^^ i^) ^ (U))^ , which 
induces a morphism of fc-vector spaces 

PH o d{[Zu]) : W{r\U),ny,^^^) ^ H\g-\U), ^l^.^^j^), for all 

Proposition 3.2.4. In the above situation, the collection {pn o cl{[Zu]) \ U C 
Z open} induces a morphism of quasi- coherent Os-niodules 

PniZ/S) : K'Un{ R'g*n{., for all i,j. 

Proof. We need to show the following statements: 

(1) The maps pn ° cl{[Zu]) are compatible with restriction to open sets. 

(2) The maps pn ° cl{[Zij]) are 0{U)-\meai. 
For (1): Let us denote by 

W2,u ■■ {f-\U)xg-\U),P{<ff-i^u),'i>g-Hu))^9~\U), pr^^u&V*, 

the morphism induced by the projections fsee ll.l.LT] and [1.3.4.11 for the definition 
of P((i>j^-i([/), $g-i([/))). Let j : F ^7 be an open immersion and denote by 

Jf ■■ r\V) ^ f-\U), J, : g-\V) ^ g-\U) 

the morphisms in V* induced by j. 

We have to show that for all a e _ff*(/~^(?7), f2j._i^j^^) the following equality 
holds: 

(3.2.4.1) H*{jg)H4pT,_u){H*{pT,^u){^) U d{[Zu])) 

= H,{pY^y){H*{pi:,y){H*{jf){a) U c/([Zy])). 
As a first step from the left hand side to the right hand side we observe that 
H*{jg)H^{pT^jj) = H^{'pT'^ y)H*{idf-njj) x jg) 

where 

w'2,v--{r\U)y.g-\V),^)^g-\V) 
in K is induced by the projection and $ := {id x jg)~^P(5>j-i([/), De- 
noting pr']^ jj : f~^{U) X 5~^(V^) f~^{U) as a morphism in V* we obtain the 
equality 

H*{zdf^i^u) X jg){H*{pr,^u){a) U cl{[Zu])) - i/*(prl,y)(a) U d{[Zv]) 

in H{f^^{U) X 5^1(1/), $); here we consider e $ as a closed subset of f^^{U) x 
g^^{V). Next, consider the morphisms 

Jf X idg-^v) ■■ r\V) X g~\V) ^ f-\U) X g-\V), 

r ■■ if-HV) X g-\V),Zv) ^ {f-\U) x g-\V),^), 

id' : {f-\V) X g-\V),Zv) ^ {f-\V) x g-\V),P{^f-ii^v).^g-^(V))). 

with 

jf X idg-n^v) ^y* , TeK, id' e K, 
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and where id! is induced by the identity. The projection formula yields 

7?*(pr;^y)(a) U cl{[Zv]) = H*{w'i.u){a) U d(CH*(T)([Zy])) = 

Mr){H*{jf X ^dg-^^v))H*{w'l^u){a) U cl{[Zv])). 

Now the equalities 

H,{w'2.v)H..{t) = H,{w2,v)HSd'), 

imply the claim [3T2.4. II 

For (2): It suffices to consider the case U ^ S = Speci?. The ring homomor- 
phisms g* : H°{X, Ox) and f*:R^ H°{Y, Oy) induce i?-module structures 
on H{X) and H{Y) respectively. 

We have to prove the following equality for all r e i? and a E H^{X, il'^): 

g*{r) U H,{w2){H*{wi){a) U cl{[Z])) = H,{pv^){H* {pr,){r (r) U a) U cl{[Z])). 

For this, it is enough to show that 
(3.2.4.2) 

H*{pr,){g*{r)) U d{[Z]) = H* {pv,){r (r)) U d{[Z]) in x Y, nj,,y). 

Choose an open set U C X x Y such that Z O U is nonempty and smooth. Since 
the natural map H^{X x Y, ^xxy) ~^ ^znui^> ^u) injective it suffices to check 
(I3.2.4.2|l on H'^^^{U,n'lj). We write ii : Z f] U ^ {U, Z r\ U) in and 12 : 
ZC\U ^ ?7 in T^* for the obvious morphisms. By using the projection formula and 
cl{[Z U]) = we reduce to the statement 

H*i^2)H*{pr,){g*ir)) = H* {^2)H* ipr,)ir (r)). 

This follows from g o pr2 o i2 = f ° pi'i ° *2- D 

Definition 3.2.5. Two integral schemes X, Y over a base S are called properly 
birational over S if there is an integral scheme Z over S and morphisms over S: 

Z 

proper, birational^y/^ \^^^propcr, birational 

X Y. 

Theorem 3.2.6. Let S be a scheme over a perfect field k. Let f : X S and 

g : Y ^ S be integral S-schemes, which are smooth over k and properly birational 
over S. Let Z be an integral scheme together with proper birational morphisms 
Z ^ X, Z ^ Y such that 

Z 

/ \ 

X Y 

S 

is commutative. We denote by Zq be the image of Z in X Xs Y. Then, for all i, 
Ph{Zo/S) induces isomorphisms of Os -modules (d ^ dimX = dimY) 



R'f*Ox ^ R'g*OY, R'f*^x ^ 



Y- 
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Proof. Recall that ph{Zo/S) is defined in Proposition 13.2.41 as the sheafication of 
the maps 

(3.2.6.1) pH ocI{[{Zom]) ■■ H\r\U),n'f-nu)) ^ H\g-\U),nl-^u))' 

where U runs over all open sets of S and Zq^u denotes the restriction of Zq to 
f~^{U)xug^^{U). By Proposition[3231 PH{Zn/S) is a morphism of Cs-modules. 

Obviously, it is sufficient to prove that p.2.6.ip . for j — and j = d, is an 
isomorphism for every open U. Thus we may suppose that U — S, f^^{U) — X, 
g~^{U) ~ Y, Zo^jj — Z, and we need to prove that 

PH o cl{[{Zo]) : W{X, Ox) ^ H^YOy), 
PH o d{[{Zo]) : H\X, ^ W{Y, n'^), 

are isomorphisms for all i. In other words, we reduced to the case S = Spec(/c). 

Obviously, we may assume that Z C XxY. Let Z' C Z,X' C X,Y' CY be non- 
empty open subsets such that prj^^(X') = Z', pr2"^(y) = Z', and pr;^ : Z' — > X', 
prj : Z' — > y' are isomorphisms. 

We obtain a correspondence [Z] e Homcorcn (-''^i ^)°; ^^'^ denote by [Z*] e 
HomcorcnC^; the Correspondence defined by Z considered as subset ofY x X. 

We claim that 

[Z] o [Z*] = AY + Ei, [Z*] o [Z] = Ax+ E2, 

with cycles Ei, resp. ^2, supported in {Y\Y') x {Y\Y'), resp. {X\X') x {X\X'). 
Indeed, in view of Lemma [1.3.21 [Z*] o [Z] is naturally supported in 

supp(z, z*) = {{xi,x2) e X X X I 3tj e y, (xi, 2/) G z, [y, X2) e z*}. 

By using Lemma 11.3.31 for the open X' <Z X we conclude that [Z*] o [Z] maps to 
[Ax'] via the localization map 

CH(supp(Z,Z*)) ^ CH(supp(Z,Z*) n {X' x X')). 

Thus 

[Z*] o [Z] = Ax+E2 
with E2 supported in supp(Z, Z*)\(X' x X'). Finally, we observe that 

supp(Z, Z*) n {{X' xX)\j{Xx X')) = Ax' = supp(Z, z*) n (X' X X'), 

and thus E2 has support in {X x X)\{{X' xX)U{X x X')) = {X\X') x iX\X'). 
The same argument works for [Z] o [Z*]. 

Now, Proposition 13.2.2] implies that pn ° cl([Z]) induce isomorphisms 

H*(X,Ox) A H*{Y,Oy), H*{X,nj^) A H*{Y,ni-). 

□ 

Corollary 3.2.7. Let k be an arbitrary field and let f : X ^ Y be a proper 
birational morphism between smooth schemes X, Y . Then 

RMOx)^Oy, RUM^^y- 

Proof. By base change we may assume that k is algebraically closed. The claim 
follows from Theorem for S = Y,X = Z. □ 
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3.2.8. Consider a commutative diagram 

Y ^ 




Here, all morphisms are proper and all schemes are integral, X, Y are smooth of 
dimension dx,dY, tt is birational, / is surjective, Ya —> X is generically finite and 
surjective, and Ya ^ ^ is a closed immersion. Let rj be the generic point of X then 
Ya 'Xx V is finite over SpecA:(77) of degree deg(ya./-'^). 

Choose a nonempty open set U C X with tt : n^^{U) ^ U and such that 

:^ Ya n f-^iU) C f'^{U) A C/ is a finite morphism. Set 



Za = Y^Xu7r-^iU)cYaXxX 
which gives a morphism [Za] :Y^Xm Corcn. Furthermore, set 



r = TT-\U) xu f-HU) c X xxY 

which defines an element [T] : X —> Y in Corcn- By using Lemma [1.3.21 and II. 3. 3[ 
we obtain 

[Za]o[r]=dcg{Ya/X)-td^+E,, 

where Ei has support in Tr^^{X\U) x Tr^^{X\U); thus pH°cl{Ei) acts trivially on 
H*{X,0^) ® H*{X,nj^) by Proposition [3X11 On the other hand, LemmaOJ 
and 11.3.31 imply 

[r]o[Za]=Y^Xu f-Hu)+E2, 

where E2 has support in /-i(X\[/)x/^i(X\[/); thus od(£;2) = on H*{Y,Oy)® 
H*(Y,np'). Moreover, by using Lemma [QT^ and again. 



[F] o [Za] o [F] o [Za] = deg{Ya/X) -Y^xu f-HU) + E3. 

with a cycle E3 supported in f^^{X\U) x f^^{X\U), and therefore pnodiE^) = 
on H*{Y,OY)®H*{Y,np'). 
We obtain an endomorphism 

P{Ya) PH o d([F] o [Za]) I H*{Y,Oy) © H*{Y,n'^^) 

of H*{Y,Oy) ® H*{Y,np') such that P{Ya)^ = deg{Ya/X) ■ P{Ya). Note that 
P{Ya) docs not depend on X, because it is given by 



PiYa)^PHidmXuf-'U])). 

Proposition 3.2.9. // deg(Fa/-''^) is invertible in k then 

PH°cl{T) : H*{X,Ox)®H*{X,nf) image (p(rj | H*{Y,Oy) ® H*{Y,ilp- 
is a well-defined isomorphism. 

Proof. Indeed {pHodiZa))oipHod{r)) | 0^)®i/*(l, is multiplication 

by deg(ya/-''^). It follows that pn o d{T) is injective and the image is contained in 
the image of P{Ya). The opposite inclusion is obvious. □ 
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Corollary 3.2.10. Let Y,X,X be as in \3.2.8i Let a e Y be a closed point of 
the generic fiber f^^{r]) with degj.(^)(a) £ k* , we denote the corresponding closed 
subvariety by Ya ■ For i > the following are equivalent: 

(1) i?V40_^)©i?V*(0|^) = 

(2) P{Yar\ f-\X')) vanishes on 

H\f-\x'),o^-^^x'))®H'{f-\x'),nf_,^^,;) 

for every affine open subset X' C X . 

Proof. In view of Proposition 13.2.91 we get 

H\^-\X'),0^-if^x')) = image n f-\X')) \ H\f-\X'),0 j-.^x'))) 

and 

H^in-\x'), n%^x')) = image (p(y, n f-\x')) \ H\f-\x'),nf_,^^,^)) 

for every open subset X' X. □ 
Theorem 3.2.11. Let k be an arbitrary field. Consider 

Y 

f 



where Y, X are smooth and connected, X is integral and normal, f is surjective 
and finite with deg(/) S k* , and finally tt is birational and proper. Then X is 
Cohen- Macaulay and 

where lox is the dualizing sheaf of X . 

Proof. Choose an algebraic closure k of k. We claim that X is geometrically normal, 
i.e. 

r 

(3.2.11.1) X Xuk^W^Xi (disjoint union) 

i=l 

with Xi integral and normal for all i. Indeed, since X is normal we obtain Ox — > 
TT^O^, and this isomorphism is stable under the base change to k. Because X is 
smooth, X Xfc ^ is a disjoint union of smooth schemes 

r 

X Xkk = ]\x,. 

i=l 

From Oxxkk ~^ '^*^xxkk conclude that tt Xk k has connected fibres; thus we 
obtain the equality (|3.2.11.ip with Xi :— {tt k){Xi). Of course, Xi — )• Xi is 
birational, and Oxi — > (tt Xfe k)^,Ox, implies that Xi is normal. 

We denote by Y]^,X]^,Xf. the base change to k, and by ax ■ Xj^^ X the obvious 
morphism. Since 

a*xR'TT^Ox = a*xR'TT*uJx = 
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and ax is faithfully flat it is sufficient to prove 

i?Vfe,0^_ = = R'nj,^uj^_ for all i > 0. 

Now Xxfcfc = Y[i=i -^i with Xi smooth and connected such that ttj. Xi Xi 
is birational. We define Yi :— Yj. n f^^{Xi) and let Yi = ]J- Yij be the decom- 
position into connected (smooth) components. Since deg{Yi/Xi) e k* is invertible 
there exists j such that deg(Yi,j / Xi) G k*. Thus we are reduced to proving the 
claim for an algebraically closed field k. 

Since / is affine the statement RTT^,Oj^ — Ox follows from Corollary 13.2. f 01 
and X normal. Applying Dx and shift by [— dx] (with dx = dimX) we obtain 
i?7r*il^ — n'j)(k[—dx] (with ttx '■ X Spec fc the structure map). Now again by 
Corollary 13.2.101 we obtain R'n^nj^ = for all i ^ 0. Thus Wxk\—dx\ — ijJx is a 
sheaf and hence X is Cohen-Macaulay. □ 



4. Generalization to tame quotients 

The goal of this section is to generalize Theorem 13.2.61 by replacing the assump- 
tion on the smoothness of X, Y with the weaker assumption that X, Y are tame 
quotients (see Definition I4.2.6P . We already proved in Theorem 13.2.111 that the co- 
homology of the structure sheaf and the dualizing sheaf of a tame quotient behaves 
like for smooth schemes. Therefore it is a natural question to extend Theorem l3.2.6l 
in order to include tame quotients. 

4.1. The action of finite correspondences. Let X be a smooth scheme and Z 
a closed integral subscheme of pure codimcnsion c. Then 'H^(^Sf) = for j < c. 
Consequently, there is a natural morphism 

(4.1.0.2) n%{n'=x)[-c]-^Rrzn'k, 

which induces an isomorphism H^{X, il'^) = H'-\X,H%{flx))- 

Definition 4.1.1. Let f : X Y he a, morphism between smooth fc-schemes of 
pure dimension dx and dy, respectively. Let Z d X he a c := dx — dy codimen- 
sional integral subscheme such that the restriction of f to Z is finite. Then we 
define for g > the local push-forward 

fz* '■ f*'H'z{^x) ^ 

in the following way: Choose a compactification of /, i.e. a proper morphism 
f : X Y and an open immersion j : X ^ X such that / = / o j, and then 

define fz* as the composition in Z3+,(F) of the natural map /^H^l^x) — ^ > 
Rf^RTzin^xM) with 

(4.1.1.1) i?/,(i?r^(f]«,)[c]) R^RTziD^{nf-'^)[c^dx]) 

-t-cxcision 

forget support j tr,dx-q\r j 1 /• , n /r<dx-q\l . l i2.2.6.1\ ^^q-c 
> Rf*Dx{il£ )[-dy\ > Dylily )[-dy\ ^ ii^ , 

where /* is the morphism from Definition 12.2.21 
Applying iJ°(X, — ) gives a morphism 

77°(y,/.H|(i7^)) - H'{x,n'zi^x)) - Hi{x,n\) ^ i/°(r,r!r'), 
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which by the very definition coincides with the cohomological degree zero part of 
the pushforward for / : {X, Z) ^ Y, see Definition 12.3.21 This also implies that 
fz* is independent of the chosen compactification. 

Definition 4.1.2. Let 5 be a fc-scheme and let f : X S and g : Y —i' S he 

two integral ^-schemes, which are smooth over k. Let Z C X Xs Y he a. closed 
integral subschema such that W2\z '■ Z ^ Y \s finite and surjective. In particular 
the codimension oi Z in X x Y equals dimX := c. The projections from X x Y 
to X and Y are denoted by prj^ and prj respectively. For all g > we define a 
morphism 

as follows: Let d{Z) £ H'ziX x ^,^25^^^) = H^{X x Y,n'=zi^xxY)) be the cycle 
class of Z. The cup product with cl{Z) yields a morphism 

(4.1.2.1) U d{Z) : n\^y ^ H|(175,+,V) 

and hence a morphism /^pr^^fi^^y — > /,prj,'H^(ri5f^y). We claim that it also 
induces a morphism of Og-modules 

(4.1.2.2) UWi.^'x^Y ^ .9*Pr2*^l(^^lSy)- 

Indeed since 'Hzi^'xxY) support in Z d X XsY, the two abelian sheaves 

g*P^2*'^zi^'x'xY) ^^'^ /*Pi'i*^z(^xxy) equal; we denote this abelian sheaf 
on S by A. Now there are two Os-module structures on A: One is induced by 

Os g*OY — g*W2*^xxY and the other is induced by Os f*Ox 
f*pri^,OxxY- The claim (14.1.2.2^ is now a consequence of the following equality in 
A: 

pr*5*(a) • (/? U d{Z)) = pv*J*ia) ■ {(3 U d(Z)), for ah a e Os,/? e Uwi.^\^y^ 

which holds by p.2.4.2p . We can therefore define the morphism iy9^ as the compo- 
sition 

(4.1.2.3) m\ ^ f.Wi.n'^xxY 9*W2.nU^xxY) 9*K- 

We write (pz = ®q'P%- 

Let a — J2i iT'iiZi] he a formal sum of integral closed subschemes Zi oi X x s Y , 
which are finite and surjective over Y, with coefficients in Z. Then we define 

(4.1.2.4) ip^ := J2 

i q q 

Lemma 4.1.3. In the above situation, assume additionally that f and g are affine. 
Then for any cycle a — '^ini[Zi\, with Zi G X x s Y integral closed subschemes, 
which are finite and surjective over Y , and Ui G Z, we have the following equality 

®.H\S, ^„) = PHidia)) : WiX, Q^) ^ H\Y, il^), 

where a is the image of a in CIIdimy(^ x Y, P{^x,^y)) with P($x,$x) as in 
()1.3.4.ip . pH is defined in \1.3.lE and d is a shorthand notation for Cor(d) with 
d : CH — > H the morphism from [KT75[ 
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Proof. Let tt : — > Spec k be the structure map. We may assume a — [Z] with 
Z C X XsY a.n integral closed subscheme, which is finite and surjective over Y. It 
is easy to see that pH{cl{a)) is induced by taking the cohomology of the following 
composition 

(4.1.3.1) RTT^f*n\ ^ RT:^R{fwi)*^\y,Y 

i?7r,i?(/pri),H|(17^+,V) 
i?7r.i?(OTr2)*H|(f7^+,V) 

(4.1.3.2) ^ i?^45pr2)*H|(r!^+^V) 



14.1.0.21 



>i?^,i?(gpr2),i?r^(r!«+V)[c] 

(4.1.3.3) RTT^g.n-'y. 
We used for the fourth arrow the isomorphism 

(5pr2),H|(17^+,V) ^ i?(.9Pr2)*H|(l]^+,V)> 

because ^^(fix'xy) ^ quasicoherent Oxxy-module with support va Z, Z ^ Y 
is finite, and 5 : F — > 5 is affine. For the third arrow, notice that there is no 
map R{fpri)^:'H% — > R{gpr2)*'H% in the derived category of Os-modules, but in 
the derived category of sheaves of fc-vector spaces on S these two complexes are 
isomorphic and that's all we need to define the third arrow. 

We have to compare the morphisni from (j4.1.3.ip to (|4.1.3.3p with Rtt^,(Pz, where 
(pz is defined in (|4.1.2.3p . Obviously, the morphism from (|4.1.3.ip to (|4.1.3.2p is 
equal to i?7rJ (|4.1.2.2p o pr^). The morphism from (|4.1.3.2p to (|4.1.3.3p equals 
i?7r*(pr2 z*)j which proves the claim. 

□ 

4.2. Tame quotients. 

4.2.1. Let X be a fc-scheme which is normal, Cohen-Macaulay (CM) and equidi- 
mcnsional of pure dimension n and denote by tt : X — >■ Spec k its structure map. 

Then H'iir-k) = for all i ^ -n (see jConOOl Thm 3.5.1]). The dualizing sheaf 
of X is then by definition 

UJx :=i?-"(7r'fc). 
We list some well-known properties: 

(1) wxi"'] is canonically isomorphic to n'k in D'^{X). 

(2) UJx is a dualizing complex on X, i.e. lox is coherent, has finite injective 
dimension and the natural map Ox — > R'Hova{uj x , ^ x) is an isomorphism. 
(Indeed by IHar66[ V, §10, 1., 2.], Tr'fc is a dualizing complex.) 

(3) LOx is CM with respect to the codimension filtration on X, i.e. 

depthox ^'^x.x — dim Ox. X, for all x <E X, 

(By |Har66[ V, Prop. 7.3] oox is Gorenstein, in particular CM, with re- 
spect to its associated filtration. Therefore we have to show that the 
associated codimension function to u)x (see [Har66| V, §7]) is the usual 
codimension function. By |Har661 V, Prop. 7.1] it suffices to show that 
ExIq^ ^ {k{r]), u}x,ri) 7^ for all generic points ?] £ X . But X is normal and 
thus uJx,r] — k{ri). 
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(4) In case X is smooth uix is canonically isomorphic to il^, via the isomor- 
phism 

UJx = TT'k[—n] ^'^ ~> TT'^fcf— n] = f]^, 
where : tt' = tt'^ is the isomorphism from |ConOO l (3.3.21)]. 

(5) If M : [/ — ^ X is etale, then u*ujx is canonicahy isomorphic to ujjj via the 
isomorphism 

U UJx = W Wx !• W'Wx = M'TT'fc !• (tT O wj-fc = W(7, 

where c„^7r : (tt ° ^ w' o tt' is the isomorphism from [ConOOl 3.3.14]. 

(6) Let U be an open subscheme of X, which is smooth over k and contains ah 
1-codimensional points and denote hy j : U ^ X the corresponding open 
immersion. Then adjunction induces an isomorphism 

where the two last isomorphism are induced by (4) and (5). (This fohows 
from (3). Indeed, let F C X be open then T{V,ujx) T{V,j^j*LUx) ^ 
r{V n U,u!x) is the restriction. Since all points in the complement of U 
have codimension > 2, we obtain from (3) that depth(ajx,a;) > 2 for all 
x€X\U. Therefore r(V^, cox) TiVnU, lox) is bijective by |SGA21 Exp. 
Ill, Cor. 3.5].) 

4.2.2. Let X be smooth and Y a normal CM scheme both of pure dimension 
n and let f : X ^ Y he a finite and surjective morphism. Then we have the 
usual pull-back on the structure sheaves /* : Oy — >■ f*Ox as well as a trace map 
: ffOx Oy, which extends the the usual trace over the smooth locus of Y 
(over which / is fiat). We define a pull-back and a trace between the dualizing 
sheaves as follows. 

Definition 4.2.3. Let X be smooth and Y a normal CM scheme both of pure 
dimension n and let / : X — )> y be a finite and surjective morphism. 

(1) We define a pullback morphism 

f* :u>Y ^ f*uJx 

as follows: Choose j : U ^ Y open and smooth over k such that it contains 
all 1-codimensional points of Y , let j' : U' = X Xy U ^ X and f : U' ^ U 
be the base changes of j and /. Then we define /* as the composition 

for the last isomorphism observe, that U' contains all 1-codimensional 
points of X. It is straightforward to check, that this morphism is inde- 
pendent of the choice of U. (One only needs the compatibility statements 
(VARl) and (VAR3) of |Har66l VII, Cor. 3.4, (a)].) 

(2) We define the trace 

Tf : f^ujx 
as the composition in D'^{Y) 

f*UJx = /*7rxfc[-"-] ^'"^> /*/Vyfc[-n] — U 7ryfc[-n] = wy, 

where ttx and Try are the structure maps of X and Y and Tr / is the trace 
morphism |ConOO| (3.3.2)]. 
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We will also write /* : Oy ®ujy — > f*{Ox ®ojx) for the sum of the usual pull-back 
with the pull-back defined in (1), and we will write t/ := t^®tJ : f*{Ox (Bujx) 
Oy S)0JY- 

Remark 4.2.4. By its very definition the r/ constructed above equals, when re- 
stricted to the smooth locus of Y, the r/ from Proposition 1 2 . 2 . iTH 

Corollary 4.2.5. Let X, Y and f be as in Definition \4.2.S\ Suppose that X is 
connected. Then the composition 

Tf o /* : Oy e CJy ^ Oy © 

is equal to the multiplication with the degree of f . 

Proof. We have to check, that the section s = Tf o f* — deg / of 

-Homy (Oy, Oy)) ® i7°(y, -Homy (wy, Wy)) 

is zero. But ■Homy(Oy , Oy)) = H"{Y,Oy) = "Homy (wy , wy)) (for 

the last equality we need that wy is a dualizing complex) . Therefore it is enough to 
check that s is zero over an open and dense subset U of Y. We may choose U such 
that it is smooth and contains all 1-codimensional points of Y. Thus the statement 
follows from Proposition 12. 2. 1"D1 (3). □ 

Definition 4.2.6. Let X be a fc-scheme. We say that X is a tame quotient if X 
is integral, normal and there exists a smooth and integral scheme X' with a finite 
and surjective morphism f : X' ^ X whose degree is invertible in k. 

Remark 4.2.7. Assume X is a tame quotient. Then X is CM (see |KM98[ Prop. 
5.7, (1)]). 

We may describe the cohomology of the structure sheaf and of the dualizing 
sheaf of a tame quotient as a direct summand of the corresponding cohomology of 
a smooth scheme as follows. 

Proposition 4.2.8. Let f : X ^ Y be a finite and surjective morphism between 
integral schemes. Assume X is smooth and Y is normal. Furthermore, we assume 
that deg / is invertible in k. Set 

a := [X XyX] m CHdi,„x(^ x X,P($x,$x)) =: Homco.cH ^)°, 

(cf. (|1.3.4.ip for the definition of P{^Xt^x))- Then, for all i, the pull-back mor- 
phism 

f* : {H\Y,Oy)®H\Y,ojy))^ {H\X,Ox)®H\X,0Jx)) 
induces an isomorphism 

{H\Y,Oy) ® H\Y,ujy)) ^ PH{cl{a)){W{X,Ox) ® H\X,uJx)). 

(The functor pn is defined in \1.3.lT\ and cl is a shorthand notation for Cor{cl) 
with cl : CH — > H the morphism from Theorem \3.1.5\ ) 

Proof. Write a = [X Xy X] ~ X]t^t[^]j where the sum is over all irreducible 
components T of X Xy X. Notice that all T's have dimension equal to dimX and 
project (via both projections) finitely and surjectively to X. Therefore 

<^a : f*{Ox®0Jx) f*{Ox®i^x) 
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is defined, where ipa is the morphism from Definition 14.1.21 By Lemma 14.1.31 we 
have for ah i: 

(4.2.8.1) H\Y,ip^) = pHod{a) : H\X,Ox®ujx) ^ H'{X,Ox ® ojx). 
We claim 

(4.2.8.2) <^„ = /*oT/ : f,{Ox®i^x)^ f*{Ox®uJx)- 

Let J7 C K be a non-empty smooth open subscheme which contains all 1- codimen- 
sional points of F. Then f~^{U) is smooth and contains all 1-codimensional points 
of X . Hence for any open V (ZY we have that the restriction map 

H'^if-^V), Ox ® cox) ^ H''{f-\V) n f-\U), Ox © ujx) 

is an isomorphism (see |SGA21 Exp. Ill, Cor. 3.5]). Since both maps in (|4.2.8.2p 
are compatible with restriction to open subsets of Y, we may therefore assume that 
Y is smooth. In particular / is flat and thus a equals [F^] o [F/], where F/ is the 
graph of / and Fy- its transposed. Now the identity (|4.2.8.2|) follows from (|4.2.8.1j) 
(in the case i = 0), Proposition 12.3.31 (3) and l3.2.11 Thus applying again (|4.2.8.ip 
we obtain 

PH{d{a)){H\X,Ox) ® H\X,oJx)) 

= Imagc(/* o Tf : W{X, Ox ® c^x)) ^ H\X, Ox ® ojx)). 

Sincer/o/* : {H'{Y,Oy)®H\Y,ujy)) ^ (i?*(y, C'i')®ff'(y, cjy)) is multiplication 
with the degree of / (by Corollary ()4.2.5p ') the statement of the proposition follows. 

□ 

4.3. Main theorem for tame quotients. 

Theorem 4.3.1. Let S be a scheme over a perfect field k. Let ttx '■ X ^ S and 

TTy : Y S be two integral S -schemes, which are tame quotients ( of Definition 
\4-2.6y . Furthermore, we assume that X and Y are properly birational equivalent. 
Then any Z as in Definition \3.2.5\ induces isomorphisms of Os -modules 

R'nx^Ox = R''TrY*OY, R''ttx*(^x ^ R'TrY*i^Y, foralli>0. 

These isomorphisms depend only on the Os,ri-isomorphism k{X) = k{Y) induced 
by Z , where 77 = ttx {generic point of X) = tty (generic point ofY). 

Proof. We first prove 

Claim 1: There are isomorphisms as in the statement in the case S — Spec/c. 

Choose integral and smooth schemes X' and Y' with finite and surjective mor- 
phisms f : X' X and g : Y' —i' Y whose degree is invertible in k. Choose Z as in 
Definition 13.2.51 We may assume that Z C X x Y is a. closed integral subscheme. 
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We define Zx' , Zy and Z' by the cartesian diagram 



Z' 




X' Z Y' 




Here the arrows with an ~ are proper and birational morphisms between integral 
schemes and all other morphisms are finite and surjective. Notice that we may 
identify Z' with a closed subschcmc of X' x Y' whose irrcdnciblc components are 
proper and surjective over both X' and Y' , and all irreducible components have 
the same dimension equal to d:= dimX = dimX' = dimF = dimF' (since / and 
g are finite and universally cquidimonsional) . Therefore Z' and its transpose define 
cycles [Z'\ e CB!^{X' x F', P($x', $y')) and [Z'\* e CB.'^{Y' x X', P($f', 
Now choose non-empty smooth open subschemes Xo, Yq of X,Y, such that the 
morphisms Z ^ X, Z ^ Y induce isomorphisms Zg ^ Xo, Zo ^ Yo with 

Zo:=XoXxZ = ZxyYo. 

Set X'o = f~^{Xo) and Y^ = g~^{Yo) and denote by fo and go the restrictions of 
/ and g to Xg and Y^, respectively. We define Zx^, Zy^ and Z'^ by the cartesian 
diagram 




Xq Yq. 

Here the arrows with an ~ are isomorphisms, all other arrows are finite and surjec- 
tive. We set X'^ = X'\X'^ and = Y'\Y^; these are closed subsets of codimension 
> 1. Now we define 

a := [X' xx X'] € CR'^{X' x X',P{^x',^x')), 

13 := [Y' XyY'] e CR'^{Y' x Y' ,P{^y' ,^y'))- 

We claim 

(4.3.1.1) deg5 • {[Z'] o a) - deg/ • (/3 o [Z']) e image(CH,(X^ x y,')), 

(4.3.1.2) deg/ • ([Z']* o p) - degg ■ {a o [Z'Y) e image(CH.(F; x X'^)), 
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(4.3.1.3) ([Z']* o [Z'] oa)- deg/deg5 • a £ image(CH*(X^ x X'J), 

(4.3.1.4) i[Z'] o [Z'Y o /3) - deg/degg • /3 e image(CH,(y,' x Y^)). 

By symmetry, it suffices to prove ()4.3.1.1|) and (|4.3.1.3p . Let us prove ()4.3.1.ip . 
By using Lemma 11.3.21 we can consider 

aeCRiX' XX X'), 13 eCll{Y' xyY'), [Z'] e CH(Z'), 

and see that [Z'] o a and f3 o [Z'] are naturally supported in CH(Z'). 

Since Z' n {{X'^ x Y') U {X' x i;')) = ^' n (X^ X rj), Lemma [113] and the 
localization sequence for Chow groups implies the claim provided that the equality 

(4.3.1.5) deg(.g) • [Z']\x'xy^ ° "ix^xX' = deg(/) • l3\Y'xYi ° [Z']\x'^xY' 
holds in CH(Z' n {X'^ x yj)). Here we have 

aix^xx' e CH(X ^xX') = CH(X; Xx„ X) 

/3|i.,xyj e CH(r' xy y;) = CH(y„' xy„ y;) 
mix^xy e CH(z' n (x^ X y')) = ch(z' n (X x y„')) 
mix'xyj e CH(z' n ix' X y„')) = ch(z' n [x', x yj)). 

Obviously, 

(4.3.1.6) aix^xx' = K xx„ X',] = [T}J o [F/J 

/3|y,xy, = Kxy„y„'] = [r;jo[r,j 
[z']|^,,y, = [z:] = [r;jo[z„]o[r^j 

Thus (|4.3.1.5P follows from 

(4.3.1.7) [r;Jo[r*^J=deg(/)[AxJ 

[r,J o [r;j = deg(g)[AyJ. 

This finishes the proof of (|4.3.1.1I) . The proof of (|4.3.1.3p is similar. The cycles 
[Z'Y ° [Z'] o a and a are supported in 

B = {{x[,x'^) ex' xX' \ 3yeY : {f{x[),y) € Z, {f{x'^),y) G Z}. 

We see that B n {{X'^ x X') U {X' x X'J) = B n {X'„ x X'^), and by using Lemma 
11.3.31 it is sufficient to prove 

[Z',f o [Z;] o K xx„ X',] = deg/deg5 • K Xx„ X^]. 

In view of (|4.3.1.6p this follows immediately from (|4.3.1.7p . 

Since deg/ and deg^ are invertible in k, it follows from Proposition 13.2.2] and 
()4.3.1.ip that j^Ph ° d{[Z']) induces a morphism 

{PH o d{a))H*{X',Ox' ®UJX')^ {PH o cm)H*{Y',OY' ® uj^) 
and by (|4.3.1.2I) j^^Ph ° cl{[Z'Y) induces a morphism 

{pH o cm)H*{Y', Oy' ® UJY') "> {pH o d(a))i7*(X', O^, ® wx')- 

By ()4.3.1.3p and (I4.3.1.4p these two morphism are inverse to each other. Thus 
Proposition 14 . 2 . 8l yields isomorphisms 

W{X,Ox)'^ H\Y,Oy), H''{X,ujx) H'{Y,ujy), for alH > 0. 
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This proves Claim 1. 

Claim 2: The isomorphisms constructed in Claim 1 depends only on the isomor- 
phism k{X) = k{Y) induced by a Z . 

We use the shorthand notation W{X) — H^{X,Ox © i^x)- Choose Z as in 
Definition 13.2.51 Denote by Zq the image oi Z in X x Y. Choose fi : Xi —i' X 
and gi : Yi Y finite and surjective, with Xi, Yi smooth and integral and deg/i, 
deggi e k*. Define 



a. 



PH o cl{[Xi XX Xi]), PH o di[Yi Xy Fi]), 

1 



-pH o cl{[Xi xx ZqXy Yi]). 



deg/i 

Then we saw in the proof of Claim 1 above, that we obtain isomorphisms 



f* ~ ■ 7 (Z), 



■ P_^H\Yi) H\Y) 



-^oi Zi,o 



Now choose two different Z's as in Definition 13.2.51 say Zi, Z2, which induce the 
same isomorphism k{X) = k(Y). Then we can find smooth open subschemes Xq, 
Yo, Zi^o, -^2,0 of X, Y, Zi, Z2, such that for i = 1, 2 we have 

Zi^o — Zi Xx Xo — Zi Xy Yo, 

4 Yo are isomorphisms and the induced isomor- 
1,2, are equal. Proposition 13.2.2] implies 

on W{Xi). Therefore ^^{Z) depends only on the isomorphism k{X) ^ k{Y), which 
Z induces. From now on we fix such an isomorphism and simply write 7^. 

Now choose /2 : X2 X and g2 '■ Y2 ^ Y finite and surjective, with X2, I2 
smooth and integral and deg/2, degg2 G k* . Define a^^ 1^2 ^1 ^ ^-bove (in the 
above formulas replace 1 by 2) and set 



the projections Z^.o 
phisms hi : Xo ^ Z, 



1 



a 



12 



deg/i 
1 



PH ° d{[Xi Xx X2]), 0,21 



dcg/:, 



■pH o d{[X2 Xx Xi]) 



1 



P,2 '■= A ° ^^([^1 ^2]), P2I ■= A PH ° ^^([^2 Xy Y,]) . 

-12 deg5i -21 deg52 

Then one checks as in the proof of Claim 1 that ai2 : H^{Xi) H'^(X2) induces an 
isomorphism aiH^{Xi) ^ fi2^*(^2) with inverse 0,21 and : H^{Yi) — > W(Y2) 
induces an isomorphism /3^i?*(Yi) ^ I3^H^{Y2) with inverse j3^^. Further one 
checks that (3^^ojioai — ^2° —12 ° Si ■ Thus we obtain the following commutative 
diagram 



(4.3.1.8) 



aiH'iXi) 



■^^H'{Y,) 




W{X) 




H\Y). 
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Therefore the isomorphisms of Claim 1 do not depend on the choice of /i , 51 . This 
proves Claim 2 and also the theorem in the case S — Spec A; . 

Finally we consider the case of a general basis S . Choose Z as in Definition 
13.2.51 and choose integral, smooth schemes X',Y' with finite, surjective morphisms 
f : X' —i' X,g : Y' —i' Y whose degree is invertible in k. For U C S open 
denote by Xjj, fu, etc. the pull-backs over U. By Proposition 14.2.81 the pull-back 
reahzes H^{Xij,Oxu © ^Xu) as a direct summand of W{X^,Ox'^ ® ^x'^)- 
This is clearly compatible with restrictions along opens V d U d S and thus the 
pull-back /* realizes R^ttx*{Ox ® wjc ) as a direct summand of the Cg-module 
R^nx*f*{Ox' © (jJx')- In the same way g* reahzes K^TTY^iOy © ujy) as a direct 
summand of the Os-modulc R^TTY*g*{OY' © ooy). Further by the case S = Spec k 
considered above, the map 

^^PHOcl{[Z'^]) : H*{X'^,Ox'^®^x'^) -> 

induces an isomorphism between H*{Xu,Oxu © '-^Xu) a-^d H*{Yij,Oyu © ^Yu)- 
Write [Z'] — '^t''^t\T], where the sum is over the irreducible components of Z' . 
Then the collection {j^PH°d{[^'u\) I ^ *^ "^l induces a morphism of Os-modules 
(by Proposition 13. 2. 4p 

Ph{Z'/S) ■.= Y,t^tPh{T/S) : R'tix*U{Ox' ® uJx') ^ i?Vi'*<?*(Oi" © ^F'), 

T 

which by the above induces an isomorphism 

(4.3.1.9) i?Vx*(Ox©a;x) ^ffTTy^Oy ecjy). 

Claim 2 implies that (|4.3.1.9p depends only on the Os.jj-isomorphism k{X) = k{Y) 
induced by Z. □ 

Remark 4.3.2. Theorem 14.3.11 implies Theorem 13.2.61 and Theorem 13.2. Ill 

Corollary 4.3.3. Let t: : X ^ Y be a birational and proper morphism between 
integral schemes over a perfect field k. Assume X and Y are tame quotients. Then 
TT* induces isomorphisms 

Rtt^,Ox = Oy, Rtt^^ujx = wy. 
Proof. In Theorem 14.3. II take S = Y, ttx = tt and Try — idy. □ 
4.4. Open questions. Questions in char(fc) — p. 

A.A.I. Do the statements in Corollary 13.2.61 and Theorem 13.2.111 hold when k is 
not perfect and smooth is replaced by regular? 

4.4.2. Let f : Y X he a, surjective projective morphism with connected fibres 
between smooth varieties Y,X. Is i?'i™(^)-'i™(^)/*wy = wx? In char(fe) = this 
holds by jKol86l Proposition 7.6]. 

4.4.3. Let / : y — >■ X be a surjective projective morphism with connected fibres 
between smooth varieties Y,X. Is R'^f^uiY = for e > dim(y) — dim(X)? In 
char(fc) = this holds by |Kol86l Theorem 2.1(ii)]. 

Appendix A. 

All schemes in this Appendix are assumed to be finite dimensional and noether- 
ian. 
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A.l. Local Cohomology. Let Y — SpecB be an affine scheme and X dY & 
closed subscheme of pure codimension c, defined by tlie ideal I d B. We assume 
that there exists a B-regular sequence t = ti, . . . ,tc € I with ^/(t) = where 
(t) denotes the ideal {ti,. . . ,tc) C B. We denote by K'{t) the Koszul complex of 
the sequence t, i.e. K^''{t) = Kq{t) = B'^, g = 0, . . . , c, and if {ei, . , 



standard basis of B'^ and 



:= e,;, A 



Cc} is the 

then the differential is given by 



A 

9 



For any B-module M we define the complex 

K*{t,M) ■.^llomB{K-'(t),M), 

and denote its n-th cohomology by H"'{t, M). The map 

c 

HomB(/\S^ A/) M/{t)M, ip ^ (^(ei,...,c) 

induces a canonical isomorphism H'^{t,M) ~ M/{t)M. 

If f and t' are two sequences as above with {t') C (i), then there exists a c x c- 
matrix T with coefficients in B such that t' = Tt and T induces a morphism of 
complexes K*[t') — fir*(t), which is the unique (up to homotopy) morphism lifting 
the natural map B/{t') B/{t). Furthermore we observe that, for any pair of 
sequences t, t' as above there exists an iV > such that [t^) C [t'), where 
denotes the sequence ti,...,t^. Thus the sequences t form a directed set and 
H''{t,M) -J> H^it'^M), {t') C {t), becomes a direct system. It follows from |SGA2[ 
Exp. II, Prop. 5], that we have an isomorphism 

lii^M/(t)M = Ya^H^it, M) ^ H'^iY, M), 
t t 

where the limit is over all -B-regular sequences t = ti, 

and M is the sheaf associated to M. We denote by 



tc in B with V{{t)) = X 



m 
t 

the image of m e M under the composition 

M M/{t)M H^it, M) H'xiY, M). 

It is a consequence of the above explanations that we have the following properties: 
(1) Let t and t' be two sequences as above with (t') c {t). Let T be a c x c- 
matrix with t' — Tt, then 



"det(r)TO' 




m 


t' 




t _ 



m + m' 




m 




m' 






t 




t 


+ 


t 


1 


t 



(2) 



(3) If M is any B-module of finite rank, then 
H'xiY, Oy) ®b M ^ H'xiY, M), 
is an isomorphism. 



aU i. 



'h 




bm 




(g) TO I— 




_t 




_ t _ 
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Remark A. 1.1. Since for a i?- regular sequence t as above K'{t) — > is a free 

resolution, we have an isomorphism for all n, 

Ext"(B/(i),A/) ~ i?"(Hom^(i^*(t),M)). 

Notice that we also have an isomorphism 

nom.B{K'{t),M) ~ K*{t,M), 

which is given by multiplication with (— l)"("+i)/2 in degree n. We obtain an 
isomorphism 

iPt^M ■■ Ext=(S/(0,A/) ^ H'{t,M) = M/{t)M, 
which has the sign (—1)^(^+1)/^ in it. In particular under the composition 

Ext'=(B/(t), A/) M/{t)M ^ H'x{Y,M) 

the class of a map Lp e HomB(/\'^ B^, M) is sent to 



(-1) 



c(c+l)/2 



<y5(ei,...,c) 



t 



Lemma A. 1.2. Let Y — Speci? be as above, M a quasi- coherent sheaf on Y, 
c > and ti, . . . , tc+i a B-regular sequence. We set X' :— V{ti, . . . , tc+i) C X :— 
V{ti, . . .,tc). Let d : H^^^^AY \ X',M) H'^^Y,M) be the boundary map of 
the localisation long exact sequence. Then 

m 

■ ; tc, tc+l_ 

Proof Let M be the S-module of global sections oi M. By |SGA2[ Exp. II, Cor. 
4] and Cech computations, we may identify 



d 



' m/tc+1 ' 






_ti, . . . , tc 




h 



H 



1^^,{Y\X',M) 



H'^ViY,M) = 



■ti---tAn 



c+l ti---ti---tc^i 

and d is the natural map from left to right. Under this identifications the map 
Mt^^J{ti,...,tc) = H''{K*{t,M)) H''^^^,{Y,M) sends the class oi m/tc+i 

xMy,m). 

□ 



X\X' 

{m e M) to the class of "^^^.".^^ and similar for M/{ti, 
This proves the claim. 



J^C+l) 



H 



A. 2. The trace for a regular closed embedding. In this section we give an 
explicit description of the trace morphism for a regular closed embedding. This is 
well-known and appears in various incarnations in the literature, see e.g. |Lip84| , 
|HS97[ Section 4] . But in all the articles we are aware of, more elementary version of 
duality theory are used (e.g. no derived categories appear). Since the compatibility 
of this theories with the one we are working with, namely the one developed in 
[Har66) and [ConOOj . is not evident to the authors, and also to be sure about the 
signs, we recall the description of the trace in this situation. 

Let i : X ^ Y he a closed immersion of pure codimension c between two 
Gorenstein schemes and assume that the ideal sheaf I of X is generated by a 
sequence t = {ti, . . . ,tc) of global sections of Oy- Then the image of t in any local 
ring of Y is automatically a regular sequence. We denote by K*{t) the sheafified 
Koszul complex of t and set 

c 

^x/Y := f\nonio^{I/l\Ox). 
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The fundamental local isomorphism (see e.g. [ConOOi 2.5]) gives an isomorphism 

in D^^{Y) 

(A.2.0.1) 

?7, : i^cox/vi-c] <^ -Homy Oy) = Rnomyii^Ox ,Oy) = iJOy 

The first map is induced by 

c 

(A.2.0.2) Hom{/\0'i^,OY) = nom" [K' {t) , Oy) -> i*uJx/Y, 

^ (-f)^(^(ei^... A ... A 

(The reason for the sign is Remark lA.l.ll ) Composing the morphism rji with the 
trace Tr^ : iJOy ^ Oy (see e.g. |ConOO[ 3.4]) we obtain a morphism in D^^iY) 

(A.2.0.3) uujx/y[~c\ ^ iJOY ^ Oy 

which factors in D^^{Y) as 

(A.2.0.4) i^ujx/Y[~c\ ^ i*i-OY ^ RTxOy- 

Lemma A. 2.1. In the above situation there is a natural isomorphism 
(A.2.1.1) RLxOY^njc{OY)[~c], inD'^^iY) 

and n^i^KZOM) is given by 

(A.2.1.2) i*i^x/Y — yWxiOY), ai^A...At^K^ (-1)"^ 

where a £ Oy is any lift o/ a G Ox ■ 

Proof. The first statement is equivalent to HxiOy) — 0, for i c, and hence we 
may assume that Y is affine. We have the vanishing for i < c since Y is CM (by 
[SGA21 Exp. Ill, Prop. 3.3]) and for i > c since the ideal of AT in F is generated by 
c elements, which by a Cech-argument implies that W{Y \ X, Oy) = for i > c. 

We denote by E* = E'{Oy ) the Cousin complex of Oy (see e.g. |Har66[ IV,§2]). 
In particular E* is an injective resolution of Oy (since Y is Gorenstein) and if 1^*^°^ 
denotes the set of points of codimension c in y, then 

E"^ ^ ^y.Hl{Y,OY), 

where iy : y ^ Y is the inclusion and Hy{Y, Oy) = hm^^^^ Hl^jj{Y, Oy), the limit 
being over all open subsets U C Y which contain y. Further we denote K' K' (t). 

The trace Tr, : iJOy Oy is now induced by the "evaluation at 1" morphism 
Horn' (i^,Ox , E*) — >■ E*. Furthermore the augmentation morphisms K* — ^ it,Ox 
and Oy — >■ E* induce quasi-isomorphisms 

(A.2.1.3) nom'{K',Oy) ^ Horn' {K' , E') <^ Horn' {i,Ox, E'). 

To prove the second statement, we may assume a = 1 G Ox- We define a e 
Hom^iK^Oy) ^Hoin{A'^0'y,Oy) by 

a(ei,...,c) = 1 

and /3 e Hom''{i,Ox,E') ^ Hom{i,Ox , E'') by 

(3(1) ^ i(3y) e E^ ^ iy,Hl{Y,Oy) 



a 

tiT ■ ■ ,tc 
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with 

^ J ] , if ?/ is a generic point of X, 
0, else. 



Py 
Then 



1 

_ti, . . . ,tc 

where /3 is the residue class of /3 in H'^ {T-Loni' {i^^Ox , E')) and 



n,{a) = (-l)^^t^ A . . . A e ucJx/Y- 

Thus the second statement of the lemma follows if we can show that the images of 
a and /S in Hom^iK', E') differ by an element in (f^^^. {Uom."-^ {K\E')). 
For j = 0, . . . , c — 1 we define 

l'-^-' = {ir^-') e E^-'-= = iy,H'y-'-={Y, Oy) 

by 

0, else. 



ly 



In particular 7° = -i e 0. (F, Oy) = ®ik{i]i), with 77, the generic points of Y. 
Notice that (by Lemma rA.1.2|) 

(A.2.1.4) dEl'-'-' = ic-,+i7'"^ Vj>l. 

(A.2.1.5) Ul'-'-' = 0, Vj>0, ze{l,...,c-l-j}. 

Further define 

c-l 

= (V'o,...,V'c-i) e ?^om^-i(i^*,i;*) = 0mm(ir,,£;^-i-^) 

by 

jf (^^^ . . . , jj) = (c + 1 - J, . . . , c), 
0, else. 

By definition and (|A.2.1.5I) we have 



(A.2.1.6) i»,V^,-i(e,,,. ^ if q ^ 1 or {h, . . . , i,) ^ (c + 1 - . . . , c). 
Now we calculate the boundary of ipt 

dnol^ = {d7' o ^0, . . . , d^'"'' ° V', + o rff , . . . , (-l)^Vc-i o ). 

ist Case: j ~ 0. 

d^-i o ^o(l) - drS'"' - by (IXmt . 

^nc? Case.- 1 < j < c — 2. By (jA.2.1.61) and the definition of ip we have 
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a {ii,. . . ^ {c+1- j,...,c). Else 

= id'^j.-'-'Y-''' - t,^,+ii'-n = 0, by (jM33|. 

5rd Case: j = c - 1. By (|A.2.1.6P we have 

(-irVc-i(rff (ei,...,e)) = (-l)'iiV'c-i(e2,...,c) = -1 = -a(ei,...,e). 
All in all we obtain 

rfwoin(V') = (/?,0,...,0,-a) 
and this proves the lemma. □ 

Lemma A. 2. 2. Let S be a Gorenstein scheme and i : X ^ Y a closed immersion 
between smooth, separated and equidimensional S -schemes with structure maps ttx '■ 
X ^ S, TTy : Y ^ S and denote by dx/s o.'^d dy/s their relative dimensions. We 

set ujx/s ■— ^'x^/s ' '^Y/s ■= ^'y'/s '^'^'^ ~ d.Y/s ~ dx/s- Assume that the ideal 
sheaf of X inY is generated by a sequence t — ti, . . . ,tc of global sections of Oy ■ 
Define a morphism ix by 



ix ■■i*uJx/s -^Hxii^Y/s), a^{~lY 



dta 

t 



with a e ^^/'g any lift of a and dt = dti A ... A dtc- Then the following diagram 
in D^^{Oy) is commutative 

(A. 2. 2.1) i^w-^Os — — ^i+rTT^-Os ^ ^tt\.Os 



i*ujx/s[dx/s\ — ^ 'Hx{i^Y/s)[dx/s] — RLxi^Y / s)[dY / s] 

where the vertical map on the left is the well-known canonical isomorphism (see 
[ConOOl (3.3.21)];, the vertical map on the right is the composition of the for- 
get supports map R^xi'^Y / s)[dY / s\ ~^ ^Y/s[dY/s\ with the canonical isomorphism 
LiJY/s[dY/s\ — T^Y^S '^''^d Ci^T^y : 7r)f = i'TTy is the canonical isomorphism [ConOO[ 
(3.3.14)]. 

Proof. Let I c Oy be the ideal sheaf of AT. As above we write 

c 

Lux/Y ■■= A ^omox (T/l\Ox). 

Further let ry : Tr'yOs = ujY/s[dY/s] ^-^d tx '■ t^'x^s — ^x/s[dx/s] be the canon- 
ical isomorphisms and rji : ujx/y[~c] — ^'Oy the fundamental local isomorphism 
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()A.2.0.ip . Consider the following diagram in D^{Oy) 



(A.2.2.2) 



'>-*^x/s[dx/s] 



Tri 



Tr; 



r 1 r 7 1 Tr^(g)id 

■ «*'^x/y [-q (8) ajy/sldy/s] ^ ujY/s[dY/s\ 



Here some explanations: The middle horizontal arrow on the left is defined such 
that the upper left square commutes. We have a canonical identification ) = 

R'Homoy{i^Ox,{—)) and since n'yOs is isomorphic to a shifted locally free Oy- 
module we have iiHomo^ (i^Ox, TTyC's) = R'Hom.oY{i*Ox ,Oy) ®^ TTyOs; this 



defines the upper vertical arrow in the middle. Furthermore Tr^ : ) 



(-) 



may be identified with i?'Homc)^ (i^Ox, — ) — (— ) given by the evaluation at 1. 
This shows, that in the above diagram the upper square on the right commutes. 
The map Tr^ : i,ajx/y[— c] — 7> Oy on the right bottom is the composition (IA.2.0.3P 
and thus the lower square on the right commutes by definition. The horizontal 
isomorphism on the lower left is given by (see [ConOOl p. 29, 30, (c), (2.2.6)], note 
the ordering) 



(A.2.2.3) i*ujx/s[dx/s] 



i*^X/Y[-c] (g) Uy/sidy/s], 



> dtc A . . . A dti A a, 



with a G ^yys^ any lift of a. That the square on the lower left commutes, follows 
from jConOOl Thm 3.3.1, (3.3.27)] and |ConOOl Lem 3.5.3]. (Notice that by [ConOll 
p. 5, pp. 160-164] the statement of jConOQl Lem 3.5.3] should be "(3.5.8) is equal to 
(3.5.7)" instead of "(3.5.8) is equal to (-1)"(^-") times (3. 5.7)".) T hus the whole 
diagram commutes. The upper line equals the upper line in (jA.2.2.1[) and the lower 
line factors as the composition 

(A.2.2.4) i*ujx/s[dx/s] ^ i*wx/y[-c] <E) uy/s[dy/s] 

njc{Oy)[-c]^iUY/s[dy/s] ^ n'^x{iOY/s)[dx/s] 

with the natural map 

'Hx{'^Y/s)[dx/s] - RLx{^Y/s)[dy/s] ^ ^Y/sidy/s]- 

Here tr^ denotes the composition of i?rx(Tr^) with the isomorphism RTx{^y) — 
'Hx{Oy)[—c]. Thus the lemma is proved once we know that (jA.2.2.4p equals tx- 
But by Lemma lA.2. II the map trj is given by 

^xiOyl irA...Atr^(-l)^^^^ 



i*ujx/y 

Together with (jA.2.2.3|) we obtain, that (|A.2.2.4p is given by 
{t^ A...At'^)<^dtcA...AdtiAa 



1-^ 



-1) 



' dtc A . . . A dti A a ^ (-1) 



dtoi 
t 
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which by definition equals ix- This proves the lemma. □ 
A. 3. The trace for a finite and surjective morphism. 

A. 3.1. Let 5 be a Gorenstein scheme and f : X Y a finite and surjective 
morphism of smooth, separated and equidimcnsional S'-schemes, which both have 
relative dimension n. We denote by ttjc : X ^ S and iry '■ Y S the respective 
structure maps. Then we define the trace map 

(A.3.1.1) : f*ujx/s ^Y/s 

to be the composition 

In the lemma below we give a well-known explicit description of this trace map, 
for which we could not find an appropriate reference. There are well studied ad 
hoc definitions of this trace map not using the machinery of duality theory (see e.g. 
|Kun861 §16]), but it is a priori not clear that these construction coincide with the 
one above. 

Lemma A. 3. 2. Let f : X ^ Y be as above and assume it factors as 

X^^^P 
f 

where n is smooth and separated of pure relative dimension d and i is a closed 
immersion whose ideal sheaf X C Op is generated by global sections ti,...,td € 
r(P, Op). Then for any local section a £ f*^x/S ™6 have the following formula for 
Tj{a): Let a G i^p/g be any lift of a and write in i*Q^^g — i*u)p/s — i*{^p/Y) ® 




i*{dtd A . . . A dti A a) = ^«*7i 7j € ujp/y, e wy/s- 

3 

Then 



l3 



13 j e idy/s, 



r}\a) = {-ir'-'y'J2^esp/y 

j 

where Resp/y '^\'\ £ Oy is the residue symbol defined in |Con001 (A. 1.4)]. 



Proof. The proof is a collection of compatibility statements from [ConOQ] . First we 
collect some notations. 

(1) C ■ ^x/s — ^ ^x/p®i*^p/s is defined in [ConOOl p. 29/30, (c)] and sends a 
to (t^A. . .At'^)(g)i*{dtdA. . .AdtiAa), where we identify w^/p = /\'^{T/T'^Y . 

(2) T]i : £xtp{it:Ox, — ) — > ijJx/p ® ) is the fundamental local isomorphism 
[UonOOl (2.5.1)]. 

(3) For a smooth and separated morphism of pure relative dimension n between 

two schemes g : V ^ W, Cg : g- ^ g"^ — uiy/wVA ®^ {—) denotes the 
natural transformation |ConOOI (3.3.21)]. 
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— > i'h^ is the isomorphism defined in |ConOO[ 
i^^RHomziitOv,—) (^i-ii._Ov is defined in 



(4) In case g as above factors as g — hoi with i : V ^ Z finite and h : Z ^ W 
smooth, then ipi^h : g"^ 
(2.7.5)] , where = 
IConOOl (2.2.8)]. 

(5) df : f ^ is the isomorphism defined in [ConOOl (3.3.19)]. 

(6) Tr/ : /»/' id is the trace morphism defined in |ConOO| 3.4], and Trf/ : 

id is the finite trace morphism defined in |ConOO| . (2.2.9)] and which 
is induced by evaluation at 1. 

Consider the following diagram: 
(A.3.2.1) 



/,("X/P ® i*"p/s) 



© 



/.T*Os[-n] 



® 

f,(i'7r*Osl-n]) ■ 



® 



/./"tt* Os[-n] 



© 



© 



© 



© 

■ f,f''(OY)0'^Y/S ^ f,{iK*OY) ® UJy/S f,ext%{i,Ox,^P/Y) ® "Y / S ■ 



Let us describe the different squares and triangles in this diagram: 

1 The vertical isomorphism on the right in square 1 is immediate from the 
definition of tt^ , the left vertical isomorphism is defined such that the square 
commutes. 

2 See |Con001 Thm. 3.5.1, Cor. 3.5.2] for the isomorphism in the lower right 
of square 2. The square commutes by [ConOOl Lem. 3.5.3]. (Notice by 
[ConOll comment to pp. 160-164] the last statement of |Con001 Lem. 3.5.3] 
should be then (3.5.8) is equal to (3.5.7).) 

3 Square 3 commutes by [ConOOl (3.3.27)]. 

4 The vertical isomorphism on the right of square 4 is induced by the natural 
isomorphism (tttty)'^ = TTyT^"^. For the commutativity of the square see 
the discussion in [ConOOl p. 83/84] (our case is point three). 

5 The isomorphism on the right of square 5 is induced by the natural isomor- 
phism LUp/g — i^p/Y '^*^Y/s- The square commutes by the functoriality 
of the horizontal isomorphisms, which are just induced by taking the 0-th 
cohomology (the other cohomology groups being zero). 

6 The vertical isomorphism on the right of square 6 is induced by ujy/s — 
TTyOsi-n] ^ Tr*Os[-n]. Thus the square commutes by the functoriality 
oidf. ^ ^ 

7 The vertical isomorphism on the right of square 7 is defined as above. Thus 
the square commutes by the functoriality of ipi.T^- 

8 Triangle 8 commutes by [ConOOl Lem 3.4.3, (TRA2)]. 
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9 By |Har66[ III, proof of Prop. 6.5] we may identify f*f^i^Y/s with the 
sheaf Thorny (/^OxjWy/s) (since ojy/s is locally free) and Trf/ is given by 
evaluation at 1. The vertical isomorphism on the right in triangle 9 is 
defined by the isomorphism 'HoinY{f*Ox ,ujy/s) — 'Homy(/*C'x, Cy) 
u)y/s- The triangle thus obviously commutes. 
10 By [ConOOi (2.8.3) and the paragraph after this, p. 100/101] we have a 
commutative square 



fOY ® ru^Y/s i^n*OY ® ru^Y/s- 

Applying to this diagram and using projection formula defines the com- 
mutative square 10. 

11 The horizontal maps in square 11 are induced by taking the 0-th cohomol- 
ogy, the vertical maps are the natural isomorphisms (ujy/s is locally free & 
projection formula). The commutativity of the diagram is clear. 

12 The isomorphism in the upper right of triangle 12 is induced by the isomor- 
phism ujp/g = LOpfY "X" 7''*wy/5 and the projection formula. The triangle 
commutes by [ConOOi Thm. 2.5.2, 1.]. 

Thus diagram (|A.3.2.ip is commutative. The composition of the vertical maps 
along the left outer edge of the diagram equals Tj by definition. The composition 
of the vertical maps along the right outer edge of the diagram is by [ConOOi Thm. 
2.5.2, 1.] equal to the composition 

J^iujx/p ® i*^p/s) ^ f*{^X/P ® i*^P/Y) ® ^Y/S 

— > f^£xtp{i^Ox,(^P/Y) ® Wy/s. 

All together we see that Tj equals the composition 

f^ujx/s f*{'^x/p ® i*ujp) ^ f*{uJx/p <® i*^p/Y) ® ^Y/s '^"^> 

f^{i'TT*OY)®UJY/S f*fOY<S)UJY = noraY{f*Ox,OY)®UJY/S ''^ ^ i^Y/S- 

Hence the claim follows from the definition of C,[ (see (1) above) and the definition 
of the residue symbol in [ConOO| (A. 1.4)]. □ 
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